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Abstract

This study presents an enhanced fractional-order mathematical model for analyzing
the dynamics of Klebsiella pneumonia infections and antibiotic resistance over time.
The model incorporates fractional Caputo derivative operators and kernel, to provide
a more comprehensive understanding of the complex temporal dynamics. The model
consists of three groups: Susceptible (5), Infected (/), and Resistant (R) individuals, each
controlled by a fractional differential equation. The model represents the interaction
between infection, recovery from infection, and the possible development of antibiotic
resistance in susceptible individuals. The existence, uniqueness, stability, and align-
ment of the model's prediction to the observed data were analyzed and buttressed
with numerical simulations. The results show that imipenem has the highest efficacy
compared with ertapenem and meropenem category drugs. The estimated reproduc-
tion number and reproduction coefficient illustrate the potential impact of this model
in improving treatment strategies, while the memory effects highlight the advantages
of fractional differentiation. The model predicts an increased possibility of antibiotic
resistance despite effective treatment, suggesting a new treatment approach.

Keywords: Klebsiella pneumonia, Infection dynamics, Antibiotic resistance, Fractional
differential equations, Caputo derivative, Mathematical modeling

MSC classification: 92D30, 34A08, 92C60, 34A34

Introduction

Klebsiella pneumoniae is a Gram-negative bacterium that has posed a serious pub-
lic health challenge in the world. It can cause different types of infections, from uri-
nary tract infections to life-threatening pneumonia, and with its growing antibiotic
resistance. This necessitates a deep understanding of how it causes infections as well
as develops resistance [1-5]. According to [6], K. pneumonia is by far the most signifi-
cant contributor to global antibiotic resistance particularly within institutions where
there are always high-risk (HiR) epidemic strains that are generally resistant to multi-
ple antibiotics. Consequently, these strains cause limited treatment options leading to
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more deaths, complications, and increased costs of healthcare. Klebsiella pneumoniae,
being a hospital-acquired pathogen, continuously receives exposure to different antibi-
otics leading to evolutionary pressure aiming for further positive mutations. The drug
resistance pattern also comprises a wide range of antibiotic resistance genes (ARGs) that
encompass both chromosomal and plasmid-encoded gene cassettes. Plasmid-mediated
resistome and transposons facilitate horizontal transfer to other bacterial strains, con-
tributing to the spread of resistance determinants. Authors of [7] emphasize that man-
aging antimicrobial resistance in multi-drug-resistant K. pneumonia (MDR-KP) poses a
significant challenge for clinicians. The optimal treatment approach for MDR-KP infec-
tions remains uncertain, prompting the exploration of various combination therapies
involving antibiotics like meropenem, colistin, fosfomycin, tigecycline, and aminoglyco-
sides. New antimicrobials targeting MDR-KP are in different stages of clinical research
and development. They emphasize the need for coordinated strategies, infection con-
trol, and prudent antimicrobial use to limit MDR-KP spread and improve treatment out-
comes. Combination therapies and newer drugs like ceftazidime-avibactam are explored
for their potential in treating MDR-KP infections.

Mathematical models have shown to be useful in describing complex phenomenons,
which have led to the development and optimization of treatment strategies and pub-
lic health interventions [8—13]. Authors of [14] investigated the future clinical scenario
of K. pneumonia, a significant pathogen causing healthcare-associated infections with
antibiotic resistance. They used an integer mathematical modeling approach (SIS-type
model) with retrospective medical data to predict the spread of extended-spectrum
beta-lactamase (ESBL)-producing K. pneumonia. The study revealed that ESBL-pro-
ducing strains will possibly exceed non-ESBL strains in around 70 months, indicating
the urgent need for preventive measures. Sensitivity analysis highlighted the critical role
of antibiotic use in the development of ESBL-producing strains. The study emphasizes
proper antibiotic use, infection control, and surveillance to mitigate the rise of antibi-
otic-resistant K. pneumonia. Integer ordinary differential equation models (ODE), while
widely used in epidemiology, have some limitations when applied to the study of com-
plex infectious diseases such as K. pneumonia infections and antibiotic resistance. A
significant limitation is their inability to fully represent the complex dynamics and dif-
ferentials of non-integer order observed in real systems. Integer-order models typically
assume constant rates of transmission, recovery, and resistance development and ignore
possible differences that may be critical in the context of rapid pathogen evolution.
Furthermore, these models can have difficulty describing population diversity because
they often rely on averages and assumptions of homogeneous mixtures. Integer ODE
methods can generalize dynamics, leading to inaccurate predictions of the increase and
spread of antibiotic-resistant strains. The model proposed in this study incorporates
fractional differential equations to better explain the complexity and dynamics of infec-
tious disease dynamics by proposing a more flexible framework to address some of these
limitations. Many scientists [15—-19] have employed the Susceptible-Infected-Resistant
(SIR) framework in studying infections and drug effectiveness. However, no author in
the literature has narrowed their research to K. pneumonia using (SIR) fractional-order
dynamics to ascertain and compare drug effectiveness as well as predict future scenarios
of the susceptible, infected, and resistant population.
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In this study, we introduce an advanced mathematical model that integrates
fractional Caputo derivative operators into the traditional Susceptible-Infected-
Resistant (SIR) framework. The use of fractional-order differentiation improves the
model’s competence to capture intricate chronological behaviors in the context of K.
pneumonia infections and antibiotic resistance. Our model consists of three groups:
Susceptible (S), Infected (1), and Resistant (R), each governed by fractional-order dif-
ferential equations. Within the model, the Susceptible group accounts for individu-
als susceptible to infection and their recovery rates. In the Infected group, we study
the dynamic interaction among susceptible individuals becoming infected, recuper-
ating from infection, and possibly developing antibiotic resistance. The Resistant
group demonstrates people who have become immune to antibiotics.

Our model uses fractional-order differentiation as well and this facilitates more
sophisticated investigations of the sequential dynamics which may not be appar-
ent using the traditional integer-order differential equations. It is a useful research
tool for epidemiologists and medical mathematicians who aim at understanding
K. pneumonia infections and antibiotic resistance better to improve disease man-
agement and treatment approaches. What distinguishes this study is the incorpo-
ration of fractional-order dynamics into the Susceptible-Infected-Resistant (SIR)
framework for K. pneumonia. As a result, it explores more superior drug effective-
ness future scenarios and new perspectives on how to combat antibiotic-resistant
K. pneumonia. The method used in this research involves employing fractional dif-
ferential equations within the Susceptible-Infected-Resistant (SIR) framework to
simulate K. pneumonia infections and antibiotic resistance dynamics because it has
several benefits. One significant advantage is its capacity to capture complex and
intricate behaviors in the dynamics of the susceptible, infected, and resistant pop-
ulations, such as memory effect [20-22]. The fractional-order dynamics provide a
refined representation of the temporal evolution of the system, allowing for a closer
approximation of real-world complexities. Furthermore, the model’s increased sen-
sitivity to changes in parameters and initial conditions, especially as the fractional
order approaches 1, has the potential to more accurately represent the impact of
subtle changes on infection spread and resistance development. However, as with
any modeling approach, there are inherent shortcomings. The complexity caused by
fractional differential equations can lead to computational costs and interpretability
challenges. The need for accurate parameter estimates and validation against empiri-
cal data is becoming increasingly important, and model performance depends on the
availability of precise input parameters. Furthermore, adopting and applying frac-
tional-order dynamics may require a more comprehensive understanding by practi-
tioners and researchers, which may limit their accessibility for practical applications.
Balancing the benefits of increased realism with the computational and interpretive
requirements are key considerations for the successful application of this approach
in understanding and predicting K. pneumonia infections and antibiotic resistance
dynamics. To formulate a mathematical model to describe the dynamics of K. pneu-
monia infections and antibiotic resistance over time, we use a simple compartmental
model as shown in Eq. (1), with the description of the variables and parameters in
Table 1.
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Table 1 Variables and parameters in the K. pneumonia infection and antibiotic resistance model

Symbol Description Meaning

S(t) Susceptible Number of individuals susceptible to
K. pneumonia infection at time t
1(t) Infected Number of infected individuals
(not necessarily resistant) at time ¢
R(t) Resistant Number of individuals infected with
K. pneumonia and resistant
to antibiotics at time t

AY Recruitment rate Rate at which individuals become susceptible
B« Transmission rate Rate of infection transmission
8¢ Infected recovery rate Rate of recovery of infected individuals
n Resistance development rate Rate at which infected individuals

develop antibiotic resistance
0% Resistance recovery rate Rate of recovery of resistant individuals
Method

Collection of microbiological data

The study comprised 937 strains of K. pneumonia isolated in the university hospital micro-
biology laboratory between January 2018 and July 2023. Antibiotic susceptibilities of these
strains, obtained from hospitalized patients, were determined using the Biomérieux Vitek®
2 automated system. The effectiveness of carbapenem group antibiotics, namely ertapenem,

imipenem, and meropenem, on these strains was evaluated using a mathematical model.

The K. pneumonia fractional-order model

A fractional-order model of the Caputo type is employed to describe the disease dynam-
ics, schematically shown in Fig. 1, and mathematically in system (1). The proof of the
existence and uniqueness of the system is established using the Banach contraction prin-
ciple, and the stability of the solution is shown using the Jacobian matrix. Numerical
analysis was simulated using MATLAB implementing the Predictor Corrector Scheme
[23, 24]. All variables and parameters are explained in Table 1.

EDYS(t) = A* — B* - I(t) - S(¢) + 8% - 1(¢)
oDFI(t) = B% - I(¢) - S(¢) — 8% - I(t) — n* - 1(t) (1)
GDYR(t) = u* - 1(¢) — 0% - R(t)

where P(¢) = S(¢) + I(¢) + R(t) and {Df is the Caputo fractional differential operator
which is defined in Definition 3, with the following initial conditions:

A

Infected L
I1(t) R(t)

Resistant

Susceptible
5(t)

Fig. 1 Schematic diagram of the model (1)
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S0)=8 >0, I1(0)=1Ip>0, R(0)=Ry>0.

Fractional-order Caputo differential operator D is used in the model (1). It presents
a more comprehensive view of how K. pneumonia infections and antibiotic resistance
develop over time. This model is divided into three groups: Susceptible (S), Infected (1),
and Resistant (R) which are governed by fractional differential equations. The model
explores how susceptible individuals may get infected at (8%) rate, recover from the
infection at (§%) rate, and possibly develop antibiotic resistance over time at (%) rate.
In the case of the Susceptible group, the rate of change {DfS(¢) shows the number of
people who can be infected and then recover concerning the number of infected ones
(). The Resistant group consists of individuals who have developed resistance towards
antibiotics and recover at a rate (8%) from infection. Complex dynamics are better stud-
ied using this Caputo derivative-based model for K. pneumonia infections and antibiotic
resistance, which takes into account non-integer order differentiation to capture more

non-linear and complex behaviors.

Preliminaries
Definition 1 Caputo derivative [25]

The Caputo derivative of order « € (0,1) of a sufficiently differentiable function f(¢) is
defined as follows:

1 t d
Dif(t) = m/o (- T)iaEf(T)dT,

where I' is the gamma function.
Definition 2 Gamma function [26]

The gamma function I'(z) is defined for Re(z) > 0 by the integral

o0
F(z):/ x* te ¥ dx.
0

Definition 3 Leta e R, n—1 <o <n, n € N, and f{t) be absolutely continuous on
[0, 00). The Caputo fractional derivative of order « is defined as [27, 28]:

¢ o _ 1 ! n—a—1 gn)
()th(t) - m/o (t _S) :f (S),dS, te [0» Tf]) S (Or 1];

where f{¢) is n times differentiable and I' (x) is the Gamma function:

o0
I'(x) Z/ e %2 Y dz, Re(z) > 0.
0
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Definition 4 The Riemann-Liouville fractional integral of order « > 0 of a function
ft) is defined as [27, 28]:

1 t
gLIflf(t) = @/0 (t—95)*"1,g(s),ds, telo, Ty].

This integral exists almost everywhere for any integrable function f{(£).

The Riemann-Liouville integral and the Caputo fractional derivative operators satisfy

the following property:

n—1 k
t
L EDH ) =f 0 =Y fP O, n-l1<asn
k=0

Definition 5 The Mittag—Leftler function E; (w) is defined as:

k

o0
w
Es(w) :;m, o €C,,Re(c) > 0,,w € C.

Its generalized form E; . (w) is defined as:

0 k

w
EO' = -, . 7 ’ iRl ) 1 .
(W) ];) Flc 1 ko) o,¢ €C,,Re(0),Re(¢) >0,,we C

These functions are called Mittag—Leffler functions [29].
Definition 6 Laplace transform of the Caputo derivative [30]

The Laplace transform of the Caputo derivative Df of order a € (0, 1) of a function f(¢)

is defined as:
LDEF()(s) = s*Lf () (s) — s*7Lf (0,

where Lf (£)(s) is the Laplace transform of f{t) and f(0") denotes the right-sided limit of
fit)att = 0.

Definition 7 Banach contraction principle [31]

Let (X, d) be a metric space, and let 7 : X — X be a function. Then T is a Banach con-
traction if there exists a constant 0 < k < 1such that for all x,y € X,

AT x), T(y) <k, dx,y).

Model analysis

Theorem 1 The solution to system (1) exists and is unique.
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Proof We first show that system (1) is bounded [32, 33]:
Theorem 2 The system solution (1) exists and is unique.

Proof

EDYP(t) = SDYS(E) + SDYI(E) + SDYR(E)
< AY — 0°P(1),

Using the Laplace transform method in Defintion 6 to solve Gronwall’s inequality [34]
with initial condition P(f) > 0, we get:

L{GDEP(t) + 0°P(1)} < L{A®},

n—1

. . AY
o _ a—i—1p(i) a -
SYL{P(t)} ;s PO(tg) +6°LIP(D) <~
n—1 A
o o a—i—1p(i) -~
LIP@)}S* +6 >s;s PO(to) + —,
n—1 Sot—i—l o AY
L{P(0)) fgi(suwp ) + a1 ey’
iy =ML LS L o,
= po _S S{1+ } = OSL+1{1+ 0)-

Ac 1 1 0 n—1 oo
)
ueo) = 50 |5 - 55 (-5 ] Y ),
L n=0 i=0 n=0

Lpo) < 2| -

00 o s\ n—1 oo
o (—0°%) 0
T Z Som+l+1p ' (t )t

0« | I'an+1) ==
AY Z;:O:O(_Qata)n n-1 oo (—6%)" o ;
PO = ' Trant +2_ 2 sarra P @1
i=0 n=0
AY n-1 , .
P(t) = o[l = Ea(=0"t)] + 3 Einy (=0 £)P (1)1

i=0

where the series of the Mittag-Leffler functions Eq (—6“t*) and Eq,i+1)(—6%t*) converge
(see Definition 5). Therefore, the system (1) has a bounded solution and the biologically

feasible region is given as: ¢ _ (PO € B PU) < 8511 = Eua(—0%1)] + 31 Eqqieny (—0710P0 (o)t

Page 7 of 24
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Next, we rewrite system (1) as:

$Dfy(t) = H(t,y(8), t€[0,Tol,
H(t,y(t)) = A(») + BO) +¢, @
y(0) = yo.

where y(f) is the vector of dependent variables S(¢), 1(£), and R(¢), and H(¢, y(t)) is the vec-
tor of corresponding right-hand sides of the differential equations

S(t) A% — B I(t) - S(t) + 8% - 1(2)
y@O) = | 1@®) |, H@Ey@) = |B*-1(t)-SE) — 8% -1(6) — u* - 1(¢) |.
R(t) pe - I(t) — 6% - R(¢)

|[H(t,y) — H(t,y")| = |A(») + B(y) + ¢ — (A(y*) + B(y*) + 0|,
= |A(y(t) —y* (@) + By(t) —y* )|,
< 1AW@) — y* @)l + 1By () — By @),
= |Alllly®) — y* @I + IBIllly() — B O)],
< IAlllly@®) = y* Ol + lly@®) — y*© I,
= (Al + Dly® —y* @,
= Llly(t) — y* (0]l

where L = (||A]| + 1), and L||y(¢) — y*(¢)]| < oo.

Hence, H is uniformly Lipschitz continuous and bounded.

We proceed to complete the proof for the uniqueness of the system (1).

Let0<a<1,¢=[0,z] CRand ¥ = ||ly(t) —y(0)|| <K, and h: ¢ x ¥y — Rbea
continuous bounded function, such that |4(¢, y)| < M, since H is Lipschitz continuous.

Let LK < M, then there exists a unique y € C*[0, z*] for the initial value problem (2),

1
_ KT(a+1) )@
where z* = {z, (T) }

Let E = {y € C*[0,h*] : |ly(t) — y(0)]| < K}, observe that E C R is closed and hence a
complete metric space.
Transforming the system (2) to the equivalent Volterra integral equation:

§D;*[§Dey(8)] = §DYh(t, ),

1 t
O~ 9(0) = —— / (t — )" hip,y(9)) do,
(o) Jo

1

t
(O = y(0) + —— / (t — )" "h(p,y()) dy.
T Jo

Defining an operator H in E,as H : E — E:

1

t
H[y](t) = yo + 7/ & — )" (g, (@) dg.
[(e) Jo

Page 8 of 24
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It follows that:
1 t
HY©1 =501 = [ [ €= 0 b pe) do,
I'(a) Jo
<l t t—@)*Ld
< @/O -0 ®,
M *o
< ., < )
“Ta+1)
M KD(e+1)
“T+1) M
<K.
So, H is well defined.
Next;
1 t
[H[yl(t) — Hy*1®)| = T / t—e) ! [h(%y(fﬁ)) - h(%y*(@)] do|,
(@) Jo

1 t L
<— [ ¢t=)* LIy =" do,
—r(a)/o( ®) ly—y"llde

ly — y*|1h*,

S Y ARy
“Te+rn” 7" um

P
" T(a+1)

’

So,|H[y] — H[y*]| < LK ly — ¥*|l, and from hypothesis % <1

Therefore, as a consequence of the Banach contraction principle [35], E is a contrac-
tion and has a unique fixed point [36]. Hence, from the Picard-Lindel6f theorem [37],
the system (1) has a unique solution.

Theorem 3  System (1) is locally asymptotically stable at the given positive equilibrium.

Proof To prove the local asymptotic stability of the system described by Eq. (1), we will
analyze the system’s equilibrium points and the stability of those points using lineariza-
tion. The equilibrium points are those where the derivatives are zero, i.e., where

¢DIS() =0, DYI(t) =0, and {DFR(¢) =0.
Equilibrium points:

To find the equilibrium points, we set (DFS(t) =0, (DFI(t) =0, and {DFR(¢) = 0.
This leads to the following equations:

B .S I+8% - 1=0, 3)
Y-S I— (@ +pu*)-1=0, (4)
© I —6% R=0. (5)

From Eq. (3), we can solve for S,
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B

quzafa

L.

Substituting this into Eq. (4), we can solve for I.;:

80( +MOt
qu == T

Finally, substituting the values of I.; and S, into Eq. (5), we can solve for Re;:

0% (8% + n*)
Reg=—
W

So, the equilibrium points are given by:

B 8%+ nuT 076" +u)
(Sequeq; Req) = <8a1eq; 5o ’ 11989 .
Stability analysis [38]:
To analyze the stability of the equilibrium points, we will linearize the system around
these points. We will calculate the Jacobian matrix J of the system evaluated at the equi-

librium point (Seq; Leg, Reg):

where S, 1, and R are the right-hand sides of your equations. Then, we will evaluate the
eigenvalues of the Jacobian matrix J at the equilibrium point.

If all eigenvalues of J have negative real parts, then the equilibrium point is locally
asymptotically stable.

Calculation of Jacobian matrix:

Let us calculate the Jacobian matrix J for the given system. We will differentiate each

equation with respect to S, 1, and R:

where 1,2,3 are the right-hand sides of your equations. Differentiating Eq. (1) with
respect to S, 1, and R, we get:

a1
as
a1
oI
a1

R

=B I,

= —B% - Sy

Differentiating Eq. (4) with respect to S, I, and R, we get:
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32,

PR — ]Y

aS pr L

22
Ezﬁa‘seq*(aa‘i’ﬂu),
92

= =o.

aR

Differentiating Eq. (5) with respect to S,I, and R, we get:

33
as
B,
al
B g
aR

Now, we can assemble the Jacobian matrix J:

_lgaleq ﬂaleq 0
J= ﬁaseq ﬂaSeq - +u% 0
0 u* — 0%

Next, we will evaluate the eigenvalues of this matrix at the equilibrium point (S, Ieg, Req)
to determine the stability. To compute the eigenvalues of the Jacobian matrix J at the equi-
librium point (Seq, feqs Req); we will use the Jacobian matrix J that we derived previously.

Now, we can calculate the eigenvalues by solving the characteristic equation:
det(J — AI) = 0.

where [ is the identity matrix, and 4 is the eigenvalue we are solving for.

Substituting the values from the Jacobian matrix:

_,30"qu_;L _,Ba‘Seq 0
det B Ieq  BY-Seq— (8*+u*)—7i 0 =0
0 u —0% -1

= (=B Teq — 2) ((B* + Seq — (6% + p®) = 2)(=0% — 1)) = B* - Ieq * Seq = 0.
Now, we can simplify and solve for 4 by expanding the equation:

(_ﬂa 'qu - /l) ((/30{ 'Seq - ((Sa + I/La) - /L) (_901 - )“)) - ,32 'qu : Seq =0
= (ﬁa 'qu+)~)</3a 'Seq_ ((Sa +Ma) _A)(Ha +i) _ﬁZ'qu'Seq =0

So we get:
A= —6%,
1 __l o o o o _ Ra 2 _ oo o o __ po
A2 = 2 3 +4/(*+ B 1eq+l4 ,BSeq) 4I3M1eq+ﬂ qu-‘ru ,Bseq ’
. 1
i = =y (57 = V07 4 B+ 7 = S = 4 g 4 B+~ S

Page 11 of 24
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Since all three eigenvalues have negative real parts, it indicates that the equilibrium
point of the system (1) is locally asymptotically stable. Therefore, the system (1) is
stable.

Reproduction number and coefficient

Reproduction number (R,) [39]: The basic reproduction number, denoted as (Ryp), por-
trays the expected number of secondary cases produced by one infected individual when
introduced into a completely susceptible population. For our model, the linearized equa-

tions can be written as follows:

s%S(s) = 8%I(s)
s%I(s) = —8%I(s),
S“R(s) = —O0%R(s).

Now, let us find the Laplace transforms of I(¢) and R(¢) by solving these equations:
SO(
I(S) = EI(S) E I(S) —=0ors% = 80"

o

R(s) = ;—aR(s) — R(s) = Oors® = 9%

Since we are interested in the behavior near the disease-free equilibrium, we consider
the case where I(s) and R(s) are both zero. Now, we can compute (Ry) using the next-

generation matrix approach:

__ Sum of products of contact rates and fractions of the population that is susceptible
0= Recovery rate ’
(6)

B*-S
S

Reproduction coefficient (R) [40]: The reproduction coefficient, denoted as R, por-
trays the expected number of secondary cases produced by one infected individual when

introduced into a partially immune population. It is related to(Rp) as follows:

1
R=Ryp- <1 — R> - Fraction of the population that is susceptible,
0

:f‘“'s.(l_l)‘
5 R

Sensitivity analysis
We want to compute the sensitivity of the final susceptible population S(7) to a change
in the parameters 8% and . To compute the sensitivity coefficients, we first need to find
the solution to the fractional differential equation for the baseline parameters and then
for the perturbed parameters.

Baseline solution: Let us denote the baseline solution as S;,(T') for the baseline param-

o
eters B, and §j.
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Perturbed solution (for 8%): We perturb the parameter §¢ by a small amount §% 8% to

obtain a new equation:
0= +38*B* - 1t) - S'(¢) — 85 - 1(¢) (8)

Solve this equation to obtain the solution S’(8)(T) with the perturbed parameter
By, +8%B.
Perturbed solution (for §%): Similarly, we perturb the parameter 6% by §%8* to obtain a

new equation:
0=Ppy-1(t) - S"(t) = 8% - I(t) — (8, +8"B*) - 1(t) €)

Solve this equation to obtain the solution S”(8%)(T) with the perturbed parameter

8y + 8% Y.
Compute sensitivity coefficients:
For g*
d o 80( o
(SaSﬂzx = /3 = ﬂ . (10)
as(r)  S"(T) — Sp(T)
For §*:
ds® 84«
8% Ssa p (11)

T AS(T) ~ S'(T) = S(T)’

These sensitivity coefficients Sg« and Ss« represent how changes in the parameters % and
3¢ influence the final susceptible population S(7).

Sensitivity of group (t):

For group (¢), the fractional differential equation is:

0=pg%-1(t)-S@) —8%-I(t) — u®-I(). (12)
Sensitivity to %
We perturb the parameter §¢ by §* 8%

0= (B, +38“B%) - 1(t) - S(t) = 8% - 1(t) — n* - 1(2). (13)
The sensitivity coefficient for % is calculated as:

wy 4B 5% g*
g = dl(T) — I'(T) — I,(T)’ (14)

Sensitivity to §%
We perturb the parameter §% by §* *:

0=pB%-1(t) - S(t) = 8% - 1(t) — (up, +8“B%) - 1(0). (15)
The sensitivity coefficient for 6 is calculated as:

8% g0 = ds® 7 (16)
T AT T I'(T) — I,(T)
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Sensitivity of group R():
For group R(¢), the fractional differential equation is:

0=pu® - I(t) — 6% - R(t). (17)

Sensitivity to %
We perturb the parameter % by §% 8:

0=p* I(t) — 6% -R (). (18)
The sensitivity coefficient for 8% is calculated as:

R = AR T R — RATY 1)

Sensitivity to §%
We perturb the parameter §* by 6% 8%

0=p*-1(t) — (B +387B%) - R"(®). (20)
The sensitivity coefficient for § is calculated as:

dse 8% B

PRy = GRCD) = RAT) = Ry(T)"

(21)

These sensitivity coefficients represent how changes in the parameters 8 and §* influ-
ence the final populations of groups I(t) and R(t).

Drug effectiveness analysis

To integrate a drug effectiveness analysis with model (1), we will introduce variables to
represent the effectiveness indices of each drug category and modify the infection and
recovery rates based on these indices. Let us denote the effectiveness indices as follows:

E; : Effectiveness index of Ertapenem
E, : Effectiveness index of Imipenem
E; : Effectiveness index of Meropenem.

We can update the model equations in (1) as follows to incorporate the drug
effectiveness:

oDES@) = A" =B -1(t) - S(t) + 8% - I1(t) - (1 — E1) - (1 — E) - (1 — E3)
oDr1(e) = B* - 1(2) - S(8) — 8% - 1(t) — pu* - 1(2) (22)
GDIR(t) = u® - 1(t) — 0% - R(¢).

We can compute the efficiency indices for each drug class as follows:

Effectiveness Index = Sensitivity — Resistance.

In Eq. (22), the recovery rate (%) is adapted based on the efficiency catalogs of each drug
category. To regulate the most effective drug category over time, we can calculate the
effectiveness indices (Ei, Ea, E3) based on the data. Then, we can use these efficiency

indices in the adapted model equations to simulate the dynamics of K. pneumonia
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infections and antibiotic resistance over time. The drug category with the highest effec-
tiveness index at a given time will be the most effective in controlling the infection. This
method allows us to implement the analysis of drug efficiency into the original model,
providing an all-inclusive understanding of the disease dynamics while considering the
influence of diverse treatments.

Numerical analysis

To numerically solve systems (1) and (22), we consider the initial value problem in (1):
oDfy () =£(t,y(1), y(0) = yo.

Employing the Riemann-Liouville integral operator in Definition 4, we get:
1 t 1
y(®) —yo = —/ (t — )" f(s,y(s)) ds. (23)
I'(e) Jo

Substituting ¢ = t,, and t = t,,41 into Eq. (23) and subtracting the obtained equa-
tions, we get:

n

1 b+l
Y(tnt1) = Yo + ) V;)/tm (tns1 —5)* " £(s,y(s)) ds, (24)

where t; = jh, j =0,1,...,N, and h = Ty /N portrays the step size. We approximate
f(s,y(s)) on[ty, ty+1] using two-step Lagrange polynomial interpolation:

S — tmt1 s— L
£5,¥6) ¥ —— T f (b, Ym) + ————E (bt 1, Yinr1)
tn — bt bnt1 — tm (25)
s — 1 st
= T Yon) + " 1, Y1),

where y; = y(#). Using (24) and (25), we have:
1 n b1 vl
Yn+1 = Yo + hl—'(a){ Z / (tnt1 —s) (s — tu) £t 15 Yma1) ds
m=0"tm

n tmt1
- / (b1 =) (s—tm+1)f(tm,ym>ds}, n=0,1,...N.
m=0 Vb

(26)
Employing integration by parts, (26) becomes:
h* -
Yn+l =Yo + fat2 Z:O {[(n —m+ D" — (1= m)*(n— m+ o+ DI f(bs1, Yoy, 1) -
"= 27

[ —m+ D% (n—m —a) — (n—m)““]f(tm,ym)}, n=0,1,..,N.

Since y,;+1 appears on the right side of (27), this equation is implicit, requiring the
prediction of y,,y1 as yfn +1- Therefore, (27) serves as a corrector formula. In (24), we use
the rectangle rule for the integral part, resulting in the following predictor formula:



Amilo et al. Journal of Engineering and Applied Science (2024) 71:141 Page 16 of 24

h* -
Vi =0+ fia g 2o B g Fm ¥, m=0,1 N, (28)
m=0
where
Bn(n;—l)+m+1 =m-m+D*—-—mn-m* n=01,...,.N, m=0,1,...,n.

Therefore, the numerical formula for system (1) is as follows:
The predictor formula:

h“ "
SIZ+1=S()+7F( E Bw,2+1)+m+1{Aa_ﬂa.]m-sm+3a.lm},
=0

fx+1)m
h* -

15+1:10+WZBM”TH)+W+1 {IBa.Im.Sm_(Sa,Im_Ma.]m}’
h* m_:l)

Ryt :R0+W%BWJF,”H{M”M—O“-RM}.

The corrector formula:

h "
+mz {((n_m+1)a+1_(n_m)a(”_m+a+1)){1\a—ﬂa-lf;+1-55q+1

m=0

+6"'I£IH}7((nferl)"(nfmfa)f(nfm)“"'l){A"‘7ﬁ”~1m-Sm+8“-1m}],

Su+1 = So

h .
+mz {((n—m—&-l)““—(n—m)"‘(n—m+ot+1)){ﬂ"‘-1£,+1~an+1—6°‘~1£+1

m=0

Iny1=1o

—M“~If;+1}—((n—rn+1)“(n—Vn—a)—(n—rn)”“){ﬂ“-Im-Sm—8“~1m—u“-1mH,

o n

h o o [
Rnﬂ=Ro+my§){((nfm+l)“+lf(nfm) (n7m+a+1)){u -0 ~R’fn+1}

—((n=—m+D*(n—m—a)— (n—m)"“){u"‘ Iy — 0% RmH

Results and discussion

The analytic computations show that the model (1) has a unique and stable solution, and
the numerical analysis further buttresses these results. According to Fig. 2, our compu-
tations demonstrate a strong fit between model predictions and the empirical data. Our
model correctly predicts the average of the observed annual data. Based on our model
predictions, Meropenem’s effectiveness index is negative in Figs. 3 and 6. For instance,
this could indicate that Meropenem would not be best suited to treating K. pneumo-
nia according to such assumptions about what works within such models. The efficiency
ratios obtained from the modeling process give insight into which drug category are
most effective against K. pneumonia infections. Imipenem emerged as the most effica-
cious antibiotic, showcasing a positive effectiveness index as depicted in Figs. 4 and 6,
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Fig. 3 a Meropenem sensitive and resistance trend. b Meropenem effectiveness trend
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Fig.4 aImipenem sensitive and resistance trend. b Imipenem effectiveness trend

while Ertapenem is deemed the least effective. It suggests that Imipenem should be pri-
oritized for treatment. The combination of its lower transmission rate, faster recovery,
reduced mortality, and the development of resistance positions Imipenem as a potent
tool in managing and controlling the disease. Figures 5 and 6 indicate that Ertapenem
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Fig. 7 a Dynamics of system (1). b Dynamics of system (22)

has a significantly negative effectiveness index, thus showing that it is not effective in

reducing infection. Therefore, Ertapenem may be inappropriate for treating this infec-

tion under these circumstances because its efficacy is very low (Figs. 7, 8, 9, and 10).

Conversely, the model shows a

positive effectiveness index for Imipenem (as compared

with other antibiotics), which implies that it will reduce infections in 2023 as per the

model hypothesis. Thus, there exists a better choice of Imipenem than Meropenem and
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05

Ertapenem having favorable contributions toward reducing infections. The reproduction
number and coefficient (Rp and R) depicted in Fig. 11 displays the reproduction number
and coefficient as Ry and R, which provide valuable insights into possible K. pneumonia
infections and antibiotic resistance within a population. The baseline estimate of trans-
mission potential is Ry while R considers immunity plus interventions. These measures
are essential in evaluating whether public health controls, vaccination programs, and
antibiotic strategies are working effectively against this organism. A value of between
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1.02 and 1.25 for Ry indicates that the illness has low to moderate potential for sus-
tained transmission within the population (Fig. 11). It can cause local outbreaks but is
not highly contagious. Therefore, it cannot spread easily and quickly across populations.
Other calculated values of R ranged from between 0.02 to 0.1 demonstrating that there
could be additional infections despite partial immune response or drug-resistant pop-
ulations; however, the infection rates are extremely slow with limited spread pathways
implying reduced fast trackability among people.

Sensitivity coefficients calculated for each group, (S) Sensitive, (I) Infected, and
(R) Resistant, provide detailed information about the response of the system It was
observed for the sensitive group that infection rate (%) and intensity (8%) were
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Fig. 12 a Sensitivity coefficient of 8% to 5(t) in (10). b Sensitivity coefficient of 8 to S(t) in (11). ¢ Sensitivity
coefficient plot of 8% and 8% to S(t) in (10) and (11)
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affected which stands out as shown in Fig. 12. A sensitivity coefficient close to 0.3
for % indicated that a small increase in infection rate resulted in a corresponding
increase in the number of susceptible individuals, emphasizing significance if the
spread of the disease is suppressed. On the other hand, a sensitivity coefficient of 1.8
for 6% indicated that small perturbations have a more pronounced effect of increasing
sensitivity in the group a for the infected case; changes in 8% and in 6* had a notice-
able effect, with sensitivity coefficients of — 0.2 and — 2.8, respectively, as shown in
Fig. 13. This indicated that higher infection rates resulted in a corresponding decrease
in infected individuals, emphasizing the importance of monitoring disease transmis-
sion, whereas higher recovery rates resulted in human infection rates decreasing dra-
matically, emphasizing the importance of effective treatment in the management of
the disease. Differences in factors such as the development of antimicrobial resistance
(%) and recovery rates had a significant effect on individual infection rates of resist-
ance (6%). The rate of development of antibiotic resistance against the resistant group
u* was found to reduce the number of resistant individuals (R) with a sensitivity coef-
ficient of — 0.2 as depicted in Fig. 14. This highlights the importance of controlling
the development of antibiotic resistance to maintain the effectiveness of treatments.
These parameters’ sensitivity can give insight into how K. pneumonia infections and
antibiotic resistance change with model parameters. This helps to improve or even
re-engineer disease control strategies of antibiotic resistance, leading to a better
understanding of the system’s behavior as well as possible impacts caused by param-

eter fluctuations in time.
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Fig. 13 a Sensitivity coefficient of 8% to /(t) in (14). b Sensitivity coefficient of §% to /(t) in (16). ¢ Sensitivity
coefficient plot of % and 8% to /(1) in (14) and (16)
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Conclusion

We proposed a fractional-order model to simulate K. pneumonia infections and anti-
biotic resistance using real data from Northern Cyprus. Comparatively, this is a model
that has several advantages over traditional integer-order models. Firstly, the fractional-
order models allow for more long-term memory of bacterial infection and antibiotic
resistance dynamics accurately represented than traditional integer order models do.
This is much closer to reality given the fact that such system behaviors change with
time. Also, anomalous dynamical phenomena observed in K. pneumonia infections
are effectively described by the model through the incorporation of fractional deriv-
atives. Furthermore, the complex spatial dynamics and processes that the model can
cover are improved. It also helps in simulating non-local interactions between bacte-
rial strains, antibiotics, and host immune responses which contributes to a more com-
prehensive understanding of system dynamics. Moreover, as regards real data obtained
from North Cyprus, the fractional-order model demonstrates an improved fit with the
specific parameters or trends for K. pneumonia infections including antibiotic resist-
ance patterns which indicate high efficiency for monitoring the spread out process of
this infection in a region like North Cyprus. However, unlike other studies that mod-
eled bacterial infection and antibiotic resistance dynamics using ordinary differential
equations, our approach uses fractional differential equations with real-world data
that completely revolutionize how modeling disease transmission using ODEs looks
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like today. Future recommendations would include a further study designed to expand
its applicability to other geographic regions and infectious diseases. Additionally, the
model can be expanded to include factors such as environmental influences, treatment
strategies, and evolutionary dynamics, which will provide valuable insights for disease
surveillance and public health intervention.

Acknowledgements
The authors would like to thank the Near East University Hospital for providing the data used in this study.

Authors’ contributions

C.B.and D.A. conceived and designed the study. C.B. collected the data. D.A. and B.K. developed the mathematical
model. C.B.and B.K. performed the data analysis. C.B, D.A,, and BK. interpreted the results. D.A. drafted the manuscript.
D.A. and CB. critically revised the manuscript for important intellectual content. All authors read and approved the final
manuscript.

Funding
This research did not receive any external funding.

Availability of data and materials
Data used in this research work are referenced within the article.

Declarations

Competing interests
The authors declare no competing interests.

Received: 28 February 2024 Accepted: 13 June 2024
Published online: 21 June 2024

References

1. RogerT, Delaloye J, Chanson AL, Giddey M, Le Roy D, Calandra T (2013) Macrophage migration inhibitory factor
deficiency is associated with impaired killing of gram-negative bacteria by macrophages and increased susceptibil-
ity to K. pneumonia sepsis. J Infect Dis 207(2):331-339

2. Paterson DL (2006) Resistance in gram-negative bacteria: Enterobacteriaceae. Am J Infect Control 34(5):520-528

3. Falagas ME, Bliziotis IA (2007) Pandrug-resistant Gram-negative bacteria: the dawn of the post-antibiotic era? Int J
Antimicrob Agents 29(6):630-636

4. Valenzuela-Valderrama M, Gonzélez IA, Palavecino CE (2019) Photodynamic treatment for multidrug-resistant Gram-
negative bacteria: perspectives for the treatment of K. pneumonia infections. Photodiagnosis Photodynamic Ther
28:256-264

5. Begley LA, Opron K, Bian G, Kozik AJ, Liu C, Felton J, Huang YJ (2022) Effects of fluticasone propionate on K. pneumo-
nia and gram-negative bacteria associated with chronic airway disease. Msphere 7(6):e00377-22

6. Navon-Venezia S, Kondratyeva K, Carattoli A (2017) K. pneumonia: a major worldwide source and shuttle for
antibiotic resistance. FEMS Microbiol Rev 41(3):252-275

7. Bassetti M, Righi E, Carnelutti A, Graziano E, Russo A (2018) Multidrug-resistant K. pneumonia: challenges for
treatment, prevention and infection control. Expert Rev Anti-Infect Ther 16(10):749-761

8. Cassidy R, Singh NS, Schiratti PR, Semwanga A, Binyaruka P, Sachingongu N, Blanchet K (2019) Mathematical
modelling for health systems research: a systematic review of system dynamics and agent-based models. BMC
Health Serv Res 19:1-24

9. Zuniga C, Zaramela L, Zengler K (2017) Elucidation of complexity and prediction of interactions in microbial
communities. Microb Biotechnol 10(6):1500-1522

10. Amilo D, Kaymakamzade B, Hincal E (2023) A fractional-order mathematical model for lung cancer incorporating
integrated therapeutic approaches. Sci Rep 13(1):12426

11. Amilo D, Sadri K, Kaymakamzade B, Hincal E (2023) A mathematical model with fractional-order dynamics for
the combined treatment of metastatic colorectal cancer. Commun Nonlinear Sci Numer Simul 107756

12. Heesterbeek H, Anderson RM, Andreasen V, Bansal S, De Angelis D, Dye C, Isaac Newton Institute IDD Col-
laboration (2015) Modeling infectious disease dynamics in the complex landscape of global health. Science
347(6227):aaa4339

13. Bagkur C, Amilo D, Kaymakamzade B (2024) A fractional-order model for nosocomial infection caused by pseu-
domonas aeruginosa in Northern Cyprus. Comput Biol Med 108094

14. Bagkur C, Guler E, Kaymakamzade B, Hincal E, Suer K (2022) Near future perspective of ESBL-producing K. pneumo-
nia strains using mathematical modeling. CMES 130:111-32

15. Matouk AE (2020) Complex dynamics in susceptible-infected models for COVID-19 with multi-drug resistance.
Chaos, Solitons Fractals 140:110257

16. Tacchini-Cottier F, Weinkopff T, Launois P (2012) Does T helper differentiation correlate with resistance or susceptibil-
ity to infection with L. major? Some insights from the murine model. Front Immunol 3:32



Amilo et al. Journal of Engineering and Applied Science (2024) 71:141

17. Zhi-Zhen Z, Ai-Ling W (2009) Phase transitions in cellular automata models of spatial susceptible-infected-resistant-
susceptible epidemics. Chin Phys B 18(2):489

18. Lewis R, Behnke JM, Stafford P, Holland CV (2006) The development of a mouse model to explore resistance and
susceptibility to early Ascaris suum infection. Parasitology 132(2):289-300

19. Ternent L, Dyson RJ, Krachler AM, Jabbari S (2015) Bacterial fitness shapes the population dynamics of antibiotic-
resistant and-susceptible bacteria in a model of combined antibiotic and anti-virulence treatment. J Theor Biol
372:1-11

20. Kothari K, Mehta UV, Prasad R (2019) Fractional-order system modeling and its applications. J Eng Sci Technol Rev
12(6):1-10

21. Atangana A, Secer A (2013) A note on fractional order derivatives and table of fractional derivatives of some special
functions. In: Abstract and applied analysis, vol 2013. Hindawi

22. Rihan FA (2013) Numerical modeling of fractional-order biological systems. In: Abstract and Applied Analysis, vol
2013. Hindawi

23. Diethelm K, Freed AD (1998) The FracPECE subroutine for the numerical solution of differential equations of frac-
tional order. Forsch Wiss Rechnen 1999:57-71

24. Garrappa R (2018) Numerical solution of fractional differential equations: a survey and a software tutorial. Math-
ematics 6(2):16

25. LiL, Liu JG (2018) A generalized definition of Caputo derivatives and its application to fractional ODEs. SIAM J Math
Anal 50(3):2867-2900

26. Sebah P, Gourdon X (2002) Introduction to the gamma function. Am J Sci Res 2-18

27. Sontakke BR, Shaikh AS (2015) Properties of Caputo operator and its applications to linear fractional differential
equations. Int J Eng Pic Appl 5(5):22-27

28. Asjad MI (2020) Novel fractional differential operator and its application in fluid dynamics. J Prime Res Math
16(2):67-79

29. Erdélyi A, Magnus W, Oberhettinger F, Tricomi FG (1955) Higher transcendental functions, vol 3. McGraw-Hill, New York

30. Kwasnicki M (2017) Ten equivalent definitions of the fractional Laplace operator. Fractional Calc Appl Anal
20(1):7-51

31. Jleli M, Samet B (2014) A new generalization of the Banach contraction principle. J Inequalities Appl 2014:1-8

32. El'Hajji M (2019) Boundedness and asymptotic stability of nonlinear Volterra integro-differential equations using
Lyapunov functional. J King Saud Univ Sci 31(4):1516-1521

33, Adimy M, Crauste F, El Abdllaoui A (2010) Boundedness and Lyapunov function for a nonlinear system of hemat-
opoietic stem cell dynamics. C R Math 348(7-8):373-377

34, Ding XL, Daniel CL, Nieto JJ (2019) A new generalized Gronwall inequality with a double singularity and its applica-
tions to fractional stochastic differential equations. Stoch Anal Appl 37(6):1042-1056

35. Shukla S, Balasubramanian S, Pavlovi¢ M (2016) A generalized Banach fixed point theorem. Bull Malays Math Sci Soc
39:1529-1539

36. Hincal EA (2021) Existence and uniqueness of solution of fractional order Covid-19 model. AIP Conference Proceed-
ings, vol 2325, no 1, p 020039. AIP Publishing LLC

37. Delavari H, Baleanu D, Sadati J (2012) Stability analysis of Caputo fractional-order nonlinear systems revisited. Non-
linear Dyn 67:2433-2439

38. Sastry S (2013) Nonlinear systems: analysis, stability, and control, vol 10. Springer Science & Business Media

39. Delamater PL, Street EJ, Leslie TF, Yang YT, Jacobsen KH (2019) Complexity of the basic reproduction number (RO).
Emerg Infect Dis 25(1):1

40. Roberts MG, Heesterbeek JAP (2013) Characterizing the next-generation matrix and basic reproduction number in
ecological epidemiology. J Math Biol 66(4-5):1045-1064

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Page 24 of 24



	Modeling Klebsiella pneumonia infections and antibiotic resistance dynamics with fractional differential equations: insights from real data in North Cyprus
	Abstract 
	Introduction
	Method
	Collection of microbiological data
	The K. pneumonia fractional-order model

	Preliminaries
	Model analysis
	Reproduction number and coefficient
	Sensitivity analysis
	Drug effectiveness analysis
	Numerical analysis
	Results and discussion
	Conclusion
	Acknowledgements
	References


