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Abstract

A non-linear mathematical model of underactuated airship is derived in this paper
based on Euler-Newton approach. The model is linearized with small disturbance
theory, producing a linear time varying (LTV) model. The LTV model is verified by com-
paring its output response with the result of the nonlinear model for a given input
signal. The verified LTV model is used in designing the LQT controller. The controller

is designed to minimize the error between the output and required states response
with acceptable control signals using a weighted cost function. Two LQT controllers are
presented in this work based on two different costates transformations used in solving
the differential Riccati equation (DRE). The first proposed assumption of costates trans-
formation has a good tracking performance, but it is sensitive to the change of tra-
jectory profile, whereas the second one overcomes this problem due to considering
the trajectory dynamics. Therefore, the first assumption is performed across the whole
trajectory tracking except for parts of trajectory profile changes where the second
assumption is applied. The hybrid LQT controller is used and tested on circular, helical,
and bowed trajectories. The simulation assured that the introduced hybrid controller
results in improving airship performance.

Keywords: Underactuated systems, Airship modeling, Linear time varying systems,
Linear quadratic regulator, Linear quadratic tracking

Introduction

Airship is a high altitude aerial vehicle [1, 2]. It usually flies at stratosphere layer [3, 4].
Recently, underactuated airship, mostly due to the absence of side direction actuation,
has many applications for commercial and military applications. Airships can be used
for land communications (mobile signals, home internet, global positioning system, ...
etc.), geography and environmental systems, aerial navigation, sea navigation, climate
prediction, linking with satellites, remote sensing, crop monitoring, ... etc [5-8].

Elfes et al. [9] showed that robotic airships had unique characteristics that make them
ideal for exploring planets and moons with an atmosphere, allowing for precise flight
path execution, long-range observations, transportation of scientific instruments, and
opportunistic flight path replanning. Bueno et al. [10] provided an overview of Project
AURORA, which focuses on the development of technologies for autonomous robotic

airships for environmental monitoring and inspection applications. It covers various
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aspects such as hardware and software infrastructures, control and guidance meth-
ods, visual servoing strategies, and dynamic target recognition. Miura et al. [11] dis-
cussed the development of wireless access systems using high altitude platform stations
for telecommunication and broadcasting purposes. Li et al. [12] discussed the use of
unmanned airship image systems and processing techniques for identifying fresh water
wetlands at a community scale. It highlights the limitations of satellite remote sensing
images in extracting specific information about aquatic ecosystems and proposes the
use of unmanned airship platforms with low-cost imaging instruments for higher spatial
accuracy. Ilcev [13] examined the potential applications of stratospheric communication
platforms (SCP) as an alternative for satellite communications, with various applications
and services planned using aircraft or airship SCPs. SCPs can provide communication
facilities for fixed and mobile applications, with commercial and military solutions. Sub-
scribers can transmit and receive information through uplink to the platform, and the
onboard SCP switching devices will route traffic to other subscribers within the same
platform coverage or to other platforms or networks. SCPs can deploy antennas for large
coverage areas or multibeam antennas for spot beams. Koska et al. [14] introduced the
autonomous mapping airship equipped with lidar and compares it with other methods
and technologies for mapping medium-sized areas. An overview of using high altitude
platform as an international mobile telecommunication base station is introduced by
Zhou et al. [15].

Airship is modeled as a rigid body with six degrees of freedom (6DOF). Newton’s sec-
ond law (F = ma) is used to develop the transnational motion equations, while the rota-
tional motion equations are derived from the conservation of the angular momentum
(M = H) [16-22]. A semi-empirical aerodynamic model is developed for uniform flow
[23-26] and extended to consider the side flow effect for axisymmetric airship [27].

The model is linearized with small disturbance theory to design a suitable linear con-
troller. The theory depends on the first derivative term of Taylor expansion. It assumes
that the system behave linearly in a small portion of time so that the performance of
the model can be estimated and optimized by a linear controller [28]. Linear quadratic
regulator (LQR) and LQT are optimal control techniques developed on the concept of
calculus of variations to compute the best control gains to achieve the optimal solution
of the required cost function. These controllers are widely used for tracking various tra-
jectories for airship missions [29-32].

The current study makes a significant contribution to the field of airship control
research. We have developed and linearized a comprehensive nonlinear mathematical
model based on rigid body dynamics, validated the model through rigorous analysis,
and proposed a hybrid control approach to the linearized model. The hybrid controller
incorporates the dynamics of the required trajectory by employing a switching mecha-
nism between two methods at the transition points of the trajectory profile. This novel
approach effectively improves the performance of airship control by considering trajec-
tory dynamics, resulting in satisfactory results which enhances the understanding and
application of airship control strategies.

Figure 1 shows a flowchart of the work throughout the article. In “Methods” sec-
tion, the airship non-linear model is derived and linearized with small disturbance
theory to obtain the LTV model of the airship. The LTV model is utilized in designing
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2 Methods:
® Derive the non-linear model of the airship, Egs. 1-17

® Get LTV model of the airship from the nonlinear one using small disturbance
theory, Egs. 18-31

® Building a 3D cad model on SOLIDWORKS, see Figs. 6 and 7. And, list the
airship mass properties, Table 1

e Formulate the LQT controllers, Egs. 32-55, see Figs. 8

3 Results:
® Show comparison figures, Figs. 9-13, between linear and non-linear models of the
airship
® Present comparison figures, Figs. 14-17, of the two LQT controllers

® Show how the hybrid LQT controller gives stable and an acceptable control signal,
Figs. 18-20

® Test the hybrid LQT controller for different trajectories: circular, helical and
bowed, Figs. 21-29

4 Discussion:

® Present a comparison between linear and non-linear models of the airship, see
Table 2

® State the characteristics of each LQT controller method and the idea behind the
hybrid LQT controller

5 Conclusion:

® [ndicate the article contributions and present a conclusion about the used methods
and the output results

Fig. 1 Airship optimal controller design flow chart

LQT controllers. Two LQT control methods are presented in “Methods” section
according to assumed costates transformation. The results of the hybrid LQT con-
troller are presented in “Results” section. The controllers specifications are stated in
“Discussion” section. Also, the discussion in “Discussion” section ends up with using
a hybrid LQT controller in the various used trajectories. The article is concluded in

“Conclusions” section.

Methods

Axes rotation transformation matrix

The rotation transformation matrix is a relation between the body axes (xyz) and fixed
frame of reference (XYZ) [33] (see Fig.) 2, which is given by,

X CoCy SpSeCy — CpSy CpSeCy + SpSy X
Y| = | CoSy SpSoSy + CyCy CpSeSy — Sy Cy y
z —Sp S¢Co CyCo z (1)

Ryt
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Fig. 2 Axes rotation transformation via Euler angles

Airship mathematical modeling

(b)
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The airship modeling is similar to the model of the rigid body with 6DOF. The model
consists of two main parts: kinematics and kinetics.

Kinematics

Kinematics is the study of rigid body motion [34]. The airship angular velocities

(p, g, r) are represented by Euler angles (¢,0, ¥) in Egs. 2 and 3 and its angular accel-

erations by Eq. 4. The linear velocities and accelerations are given by Egs. 5 and 6,

respectively.
_p 1 0 =5 (f)
gl =10 Cs SpCy 0
r 0 —Sp CpCo w
(¢ [1 SeTo CoTy | [p -
0| =10 Cy — Sy ql|; 06 7é§+nrr, n is integer
_W_ _0 S¢/Co Cyp/Co r
_%_ T
6|l =1¢q
v r
Y | = Ru|y| =Rpt| v
_Z_ | 2 w
[ 5 i | p u uw—+qw —vr
yl=|v|+|lgq|x|v|=|v—pwtur
z w r w W+ pv—qu
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Kinetics

Kinetics is a study of body dynamics due to force(s) or torque(s) which are applied on
it considering its mass [34]. The dynamics of airship are listed as follows, with consid-
ering the center of gravity (C.G.) eccentricity, where its C.G. differs from its center of
volume (C.V.) at least in z-direction due to vertical thruster:

a. Translational and rotational equations of motion

According to Euler-Newton approach, the translational and rotational equations of
motion of a rigid body can be represented by [35],

F = ma

(7)
M=H (8)

where, F is the vector of external forces acting on the body, m is the body mass, a is

the body acceleration, M is the vector of external moments acting on the body, and
H is the rate of change of the angular momentum. The kinematic analysis of linear
acceleration in Eq. 6 is valid when the axes are at C.G., but it is not the situation. So,
another compensation terms are added to the translational equations of motion due
to eccentric C.G., as follows

Ey x p p xG p xG
Eyl=mq|y|+]a|x||a|x|ye||+]|q]|x|r
F, Z r r zG 7 e

i+ qw—vr — (q* + r*)xg + (pq — PyG + (pr + Pzc
=m| v—pw+ur+ (pq+ixc — (p* +1r*)yc + (qr — p)zg
W+ pv — qu+ (pr — @ac + (qr + p)ye — (p* + %) z6

Also, Eq. 4 is used in rotational equations of motion with other compensation terms
due to C.G. eccentricity, as follows

L Iz _Izy —I. p p Ipa _I:z:y -1, P
M| =|—loy Iyy —Iy| |q| + |q| X Iy Iy —1Iy.| |q
N Ay, 1y, I, 7 r Iy, =1, I.. r
raq T
+m yo | x |y
zZaG z
i Iacmp - Izyq - Imz";' + Imypr - Izzpq 1 [ (w + pv — qu) Ya ]
+ (Lo = Iyy) qr+ 1y (7“2 —q2) — (0 — pw + ur) z¢

- zprLIyyq*IyszFIyzpq*Izyqr —(u'H—pv - qu) el

I A A A I I R U T O
—ILpop — LyoG+ Lot + Liaqr — Lyopr (0 — pw + ur) zg
+(Iyy _Imz)pQ+Ixy (q2 _p2) | | — (iH—qw—vr) Ya |
(10)

b. Gravity forces and moments

Page 5 of 36
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Airship gravitational forces acting through the C.G. due to its weight were given by
Bernard [36],

Frg 0 —Sy
Frg | =Ry | 0 | =mg| S4Co (11)
F,q mg CyCo

If there is C.G. eccentricity, induced moments were developed by Hibbeler [34], as

follows
L, xG Frg ¥6(CyCy) — 26 (SpCo)
Mg | = |56 | x | Fyg | =mg| 26(—Sp) —x6(CyCo) (12)
Ng zG Frg x6(SpCs) — yG(=Sp)

c. Aerodynamic forces and moments
Semi-empirical aerodynamic equations were developed by Jones and DeLaurier [26]
for uniform flow and extended to consider the side flow effect by Atyya et al. [27]
with introducing the flow angles, namely, the angle of attack («), Eq. 13, and the side-
slip angle (8), Eq. 14, as shown in Fig. 3.

w
-t (2
o an » (13)
—sin ! (2
B = sin (Vt> (14)
The aerodynamic forces and moments are given by,
Fx,a _CX
Fyq . Cy
Fz,a _ 2 _CZ
L, - 2 P Vt - CL (15)
M, Cym +%,Cz
N, —CNn +x,Cy

(\
iy

Fig. 3 Airship aerodynamic axes
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where x;, is the nose position in x-direction with respect to xyz body axes shown in
Fig. 3, and is given by,

4
X =a1+ s—(ax —a1) (15a)
3
where, a; and ay are the hull front and rare major axes, respectively. Cx, Cy, Cz,

Cr, Cp, and Cy are the aerodynamic coefficients for forces and moments. They are
defined as follows,

Cxy = {Cm COSZ(Ol) + Cxy sin(2) sin (%)} COSz(,B)

B (15b)
+ [CXl COSZ(,B) + Cxg sin(2) sin <2>} COSz(Ol)
Cy = [Cn cos (g) sin(28) + Cyg sin(28)
(15¢)
+ Cyssin(B) sin(|B]) + Cya (61 + 5r3)] cos?(a)
Cz = [CZl cos (%) sin(2a) 4+ Czy sin(2x)
(15d)
+ Czzsin(a) sin(la|) + Cza(8er + aem} cos* ()
Co= Cua[(er — ber) o5 (B) + (65 — 8r7) cos’(@)] (15¢)
o
Cy = {CMl cos (5) sin(2a) + Cyga sin(2x)
(15f)
+ Cus sin(e) sin(le|) + Cara(Ser + 5312)} cos*(B)
Cy = [CNl cos (g) sin(28) + Cna sin(28)
(15g)

+ Cns sin(B) sin(|8]) + Cna (8,1 + am} cos?(a)

and the aerodynamic coefficients Cx1, Cx2, Cy1, Cy2, Cy3, Cy4, Cz1, Cz2, Cz3, Cza,
Cr1,Ca1, Crm2, Cus, Carar Cn1, Ch2, Cns, and Ciyg are derived by Atyya et al. [27].
d. Propulsive forces and moments
The airship propulsion system consists of three thrusters, namely, vertical thruster
T, right thruster T, and left thruster T} [37], as shown in Fig. 4, and given by,

Page 7 of 36
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Fig. 4 Propulsive unit of airship (front view)

Fyp (Ty + Ty) cos
Fyp 0
Fyp —(T,+ Ty sinu+ T,
L, (T) — Tl sin (16)
M, (Ty + Tpl cos
N, (T; — Ty)lycos
Full dynamic equations

The dynamic equations of the airship according to Euler-Newton approach can be writ-
ten as follows,

E, Frg Fra Fyp
? ?’g ?,a ?’p
= ]
g a P (17)
M M, M, M,
N N, N, N,
——— —— -\ — ~——
inertia gravity aerodynamic  propulsion

The schematic diagram of airship non-linear model is shown in Fig. 5. The
model consists of five subsystems (aerodynamic, propulsion, gravity, inertia, and

kinematics), seven inputs (T}, Ty, Ty, 8er, Ser, Oy and 8,8), and twelve outputs
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Inputs: dcr, Ocr, Orr, OrB

TTI‘%[““TZ utputs: Fra, Fyas Fea, Lo, Ma, No

0
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' Aerodynamic Subsystem
' Aerodynamic Subsystem
'

"

'

'

'

'

Outputs: Fyp, Fyp, Fup, Ly, My, Ny Outputs: u, v, w, p, q, T
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Input: , Y
z 95

Outputs: Fy g, Fyq, F. g,

Output
u, v, w
pq T
X, Y, Z
b, 0, Y
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Inputs: w, v, w, p, q,
Outputs: X, Y, Z, ¢, 0, ¢

'
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'

'

'

'

'

'

'
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'

1

'

'

'

T
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Fig. 5 Open loop schematic diagram of airship non-linear model

w,v,w,p,q,1,X,Y,Z,¢$,0 and ¥). The definitions of these symbols are listed in the
“Nomenclature” section. First, the aerodynamic, the propulsion, and the gravity subsys-
tems are solved together to calculate the inertia subsystem using Eq. 17. Then, the kin-
ematics subsystem is fed to obtain the airship output states.

Linearization of airship non-linear model

Linearization is the most powerful technique to simplify the airship dynamic modeling
to apply the linear control theory. Linearization is performed using small disturbance
theory. It is assumed that any variable can be expressed by initial value and small distur-
bance. And the higher order terms are neglected. The following approximations will be
applied on airship non-linear model variables,

P,=Py+P, tanf ~6, sinfh~60, cosO~~1, P?~0, PQ=0 (18)

where, P; is the linearized variable, Py is an initial value, and P and Q are the small distur-
bances. The following vectors will be used in the linearization process:

« Airship linear velocity, V =[u v w]l
« Airship angular velocity, o = [p g r]7
+ Eulerangles,n=1[¢ 6 vt
« Airship reference position, P = [X Y Z]T
o Airship thrust unit, 7 = [T, T; T,]7
« Airship fin deflection, § = [8,7 8,8 Ser er]”
« Force vector, F = [Fx F, Fz] T
+« Moment vector, M = [Mx M, MZ]T
The linearization is obtained at general operating states uo, vo, wo, po, 4o, o, $0, 60, Yo,
ao, and B with general nominal action of the control signals T}, Ty, Tz, 8r7ys 8rBy» SeRrys
and d.z,,. These operating values are changing with time. Therefore, the linear model
is considered as a linear time varying (LTV) model. The current approach differs from
the traditional method where linearization is performed around a specific operat-
ing point. In this study, we have developed a general linearization model that can be
applied to any operating point. Thus, the linear model is not limited to a single set of
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conditions but is applicable to a wide range of operating points. Consequently, the

proposed airship linear model is nonautonomous.

Linearization of kinematics

The kinematics Egs. 3 and 5 can be linearized as follows,

p 1% P
.| =A A
[77} 1(1[60]4- 1<2{n}
where,
I S¢'0S9051/J0 I C¢05900wo \ ; ; ]
09°?° N I I
[ S%Seosdio I C¢OS90S¢J0 In! I
Aor — ,CQOS%J R T O ff‘, e o o
e , f§’99 il 7@@@99 I ,090,0,90, L S U
S0 0 0 Se T | Co T,
,,Q,,‘,,,0,,,L,,Q,,,‘Q‘,p@,,‘,isﬁg,
| 0 ! 0 ! 0 ‘O‘S¢ /090104;0/090
_ _ ‘ o i
O S C | | %] 000
0 Er 07 f/’O - —u0SeCyy | =00 [Spe 50, Sy
tw f}} 8 +086,Co,Cuy 1 +C0,Cu]
,SO Sjocwo} : eroc% 090 Cﬂ)o : +wo [S¢o Cwo
,,,qio,,O,df),L,,,,,,,,,,L,i%gsﬁoﬁ“@l,
‘ ' upCh, Oy,
[0]3><3 Vo [_%ﬁo %’0 Swo : _UOSOO Swo : T+ [S¢>0 SGO Cwo
—wo | SUglg | 096 CoSus 1 =CoySy,
Ago = +C¢OC 0 ] Y0 woCoCoy Sy 140 [Coy S, Cipy
R S
’U00¢0 C@O | —UOCQO — UQS¢O S@O | 0
_wOS¢0 090 ‘ _w00¢0 590 l
qu%S@o \7pOSGO + qoSfi)oC@o 0
1| roSeeSe, ! 41004 Coy 1
[0]3x3 c 90540Co, | —q0C4, 50, ‘TO
b0 _70Ce,Coy 1 7054050, 1
L q00¢0 - T‘OSQSOI 0 ‘O

Linearization of transnational and rotational equations of motion

(19a)

" (19b)

The transnational and rotational equations of motion with eccentric C.G. Egs. 9 and

10 can be linearized as follows,

[Ai]ff‘n[m +A,2[6‘:} +B

where,

(20)
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m 0 0 0 mzg — myg
0 m 0 — mzg 0 mxg
_ 0 0 m myg — mxg 0
An = 0 —mzg nyg Ly - Ixy — Iy (202)
mzg 0 —mxg — Iy Iy —1I,
L —MyG mMXG 0 — I, —1I, I,

_ _a1211 6l1212
A = _611221 al2y9 (20b)

[0 —-rn qo
al211=m| ro 0 —pp (20¢)
| =90 po O
[ qoyG + 102G wo — 2qoxG + poyGc  — Vo — 2roxG + pozG
al21; = m| —wo + qoxc — 2poyG PoxG + rozg uo — 2royG + qozc
| Vo +roxG —2pozG  — uo + royG — 2q0zG PoxG + qoyG
(20d)
[ —qoyG —roze  poyG pozG
al2y) = m qoxG — PoXG — 102G q0zG (20e)
roxGg royG — P0XG — 40YG
[ —ILo2po — 21,.q0, Luypo + 21,70 ]
Liyro — Loqo |5 y y v
o ,y,o, __ 76107 .t (,IZ,Z,_,IM@LT (Lez = Tyy) o
o Iyzqo +21..po | [ Izqu 21,70
B2 = Ly = Lo P T (1 L gy
_I’L[ZTO - QIzyPO\ Ia:zTO + 2Ia:yq0 | (20f)
/ Izz - I z
L +(Iyy _[:m)qo 1+(Iyy_lwz>p01 1 y=Po |

VoYG + Wozag —UoYG —Up2G
+m —VoxG UTG + Woza —V02G
—WoxG —WoYa UoTa + VoYa

‘m [—powo + uoro + pogoza — (P§ +18) Yo + qoroza
m [Poon — qoUo + poroZa + qoToYc — (P% + q%) ZG% )

~m [gowo — voro — (g5 +78) Ta + pogoye +p07”OZGH_

Ixyp()TO - Izzpoqo + (Izz - Iyy) qoTo + Iyz 0(2) - Q(%
By = +m [(povo — qouo) yg — (—powo + uoro) 2G] (20g)

IszOQO - Imyq()TO + (IT’I‘ - Izz)pOTO + Imz CD% - 7’85 7
+m [~ (Povo — goto) ¢ + (gowo — voTo) 2G]

I:-poqo — Iyzporo + (Iyy — Ia) Poqo + Ixy @(2) - pgj 7
+m [(—powo + uor0) T — (qgowo — voTo) Yc

—~—

Linearization of gravity forces and moments

The gravity forces and moments Eqs. 11 and 12 can be linearized as follows,
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F P
4], -aft)
where,
i 0 —C, 0]
C¢o Co, _Sd)o S, 0
—S54,Co —C,50 0
A~ =m 0 @0 ~bo 000
“ g [ ]6X3 _Sti’oC@oyG - C¢00002G _C¢0590yG +S¢OS6'OZG 0 @12)
S¢OCQO$G _COOZG + C¢OSQOCCG 0
L CyoCoozc —S¢S002c + Cooyc 0 |
— Sy
S Coo
Cpo Coo
Bg =
G =\ y6(CoyCap) — 26 (S0 Cir) (21b)
ZG (_590) —*G (CfPo C90)
%6 (Sg0 Co) = y6 (=Say)
Linearization of aerodynamic forces and moments
The linearization of angle of attack («), Eq. 13, and side slip angle (8), Eq. 14, are,
— T 1 —uoTuy+wo
o uo+wo T, uo+wo T, uo+wo T,
[ B ] = | 2w}, wmCl 2wy, | V| —VAsh % 22)
Vt2052ﬁ0 Vt2052ﬁ0 Vt2052ﬁ0 VtzoSZﬁO
Aup Byg
where,
Vio = \/ud +v3 +w (23)
The aerodynamic forces and moments, Eq. 15, can be linearized as follows,
F |4
[M]A:AAlliw:|+AA28+BA1+BA2 (24)
where,
Aa1 = [Aa1Aep 1[06x3 | (24a)
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Cy105/2,28,a
+Cy20028,0 + Cy3a3 8]0
—Cy 4520 [0r1y + 0rB, ]

—Cr100/220,8 — Cz2020,8
—Cz304,]al,8

Cy1B8/2,28,0 + Cy2P28,a
+Cv3Bs,18),a

—C718a/2,20,8
—Cz282a,8 — Cz3Ba|al,8
+C74528, (0cry + Oery)

|
Aal = (Jo CMlaoc/2,2a,ﬂ : +CM3ﬁa,|a|,ﬁ
+Cr202a,8 + Crzaa a3 ' —CmadS2p, (6ery + Oero)
425 [C2100/2,20.5 : +@n [C21Ba/2,20,8
+Cz2020.8 + Cz300,jal,8] 1 +Cz2B2a,8 + Cz3Bajal,8
L _ = C24528) (Oery + 0ery)]
—CnN10g/2,28,0 — CN2Q2p .o |
—CnN30a3,8],a | —CnN1B8/2,28,a
+ON4S20y (6r1 +0rBy) 1 —CnN2B28,0 — CN3D3,)8),0
+@y [Cy104)2,28,0 | +2,, [Cy1B8/2,28,0
+Cy2028.a + Cysagg,a 1 +Cyv2B28,a + CysBs,5).0]
_OY4SQO¢U (&"To + 67"B0)] 1
r 0 ; 0 ; 0 ; 0 7
CCyaC2 7 CysC2 70 0
0 0 =0l —CaCh
Ay = g |- Cr2Cay | ~COnCa, | Sl gel%%o, ,
0 \ 0 1 Cma B, | M4 0,
,,,,,,, L o _ ‘—tx,”ggzl,cﬂoi —’:r{”ggll,cﬁo,
—CnsC3 1 —COnaC3 0 | 0
[+2,CyaC3, ' +2,Cy4C2! ! i

Cr1Bay2,2a,8 + Cr2B2q.8

Bay = AalBaﬂ + B,

Ba:qoo

Cy1C3/2,28,0 + Cy2C25,0 + Cy3C3 5,0
+Cy4ci Orty + 01 B,

[
77777777777777 Qt_'-0_ " _ =L _ _ _ _ _ _ _
—C71Ca2,20,8 — C22C2a.5
—C23C0 o), — C24C3 (3cry + deLy)

Cm1Cay22a,8 + Cr2C2a.8 + CrsCa jal,s
+Cr1sC3, ey +0ety) + 70 | C21Ca 20,8 + C22Crass

+C23Ca,ja),3 + Cz4C3, (Oer, + 5eLo)}

T CNCh e — OnaCana — CxaCis e
7CN4C§L() (57’To + 57“30) + [OY1OB/27267(1 N CY20257Q

+CY3Cﬁ’|5|,0¢ + CY4C§0 (67"T0 + 67‘30)]
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(24b)

(24¢)

(244)

(24e)
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T
BA2 = AA2 [8rT0 8ng 5eRo BeLO ]

(24f)
)
o, = QBa = _CZOc,ﬂ = _C§082a0 (24g)
Boa = Pup = —Copa = —Ci,Sap, (24h)
_ _ 2 2 .
Cop = Cpa = C4, Cp, (24i)
@2p,0 = Boa,p = —S2ayS28, (249)
Bopa = 2Cop, CO%O (24K)
a2g,8 = 2Chq, Céo (241)
Bowa/2.8 = —S200Swe/252, (24m)
028,6/2.0 = —S26,Spy/25200 (24n)
ap/22pa = —S200 Cpo/252p0 (240)
Bas2,2a,8 = —S28y Cag /252 (24p)
Qa,a/2,8 = l C§052a0Ca0/2 +2C2a05a0/2C§0
2 NE ity (24q)
Ca/2,2a,/3
_leg, 2C28,88,/2C2
Pappiam = 5 CagS2po Chos2 +2Cap0Spo/2Ca, (24r)
—_———
Cp/2.28.
2 1 2
Bpr2.28.0 = 2Cp0/2C2p0 Cag — 5 SPo/25260 Cag (24s)
—_——
Cap /2.
2 1 2
Ay /2,2a,8 = 2Cao/2c2a0 Cﬁ() - E Sa0/2S2ot0Cﬁo (24t)
—_— —

CZot,oc/Z,/S

@p,la = —sign(Bo + B)S5,S2uq (24u)
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Bajalp = —sign(ao + &)Sa Sap,
Bp.ip1e = sign(fo + ﬁ)C§052ﬂ0
Qg a),p = Sign(ag + a)CéOSgao
Cp.ipla = sign(Bo + B)SE,Ca,
Co,la),p = sign(ag + 01)550 C/fzio

Linearization of propulsive forces and moments
The propulsive forces and moments Eq. 16 can be linearized as follows,

|:F:| =ApT + Bp
P

M
where,
COS L cosiu O
0 0 0
Ap = —sinp  —sinp 1

—lysinp Iysinp O
l,cosp ILycospu O
—lycosp lycosp 0O

Bp=Ap[Tr Ty Tey]"
~—_——

To

Full linearized equations
We set all disturbances equal to zero in the full dynamic linear equations,

= el ]+ L3,

to get the reference flight conditions,

B; =BG +Ba1 +Bas +Bp

(24v)

(24w)

(24x)

(25a)

(25b)

(27)

where, By, Bg, Ba1, Baz and Bp are defined in Egs. 20g, 21b, 24d, 24f and 25b respec-

tively. So, the ariship dynamic Eq. 17, can be linearized to,

Xi2x1 = A12x12X12x1 + B1ax7U7x1

where,

(28)
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X12X1=[uvaquYZ¢91/r]T (28a)
Uzt = [Tr Ty Tz 87 8,5 Ser Ser ] (28b)
A Au — A } {A_IA ]
Aaxia = [ n a1 —An) 6x6| L 117G 66 (28c¢)
[Ak1lexe [Ax2]exe
ArlA } {A_IA ]
Biax7 = { NP e 11742604 (28d)
[Ol6x7

where, Ax1, Ax2, An, A, Ag, Aal, Aaz, and Ap are defined in Egs. 19a, 19b, 20a, 20D,
21a, 24a, 24c, and 25a respectively.
The nominal action can be given by adding Eqs. 24f and 25b,
Ty
Bay + Bp = Au280 + ApTo = [Ap Aa | 5o | (29)

then, we substitute Eq. 27 into Eq. 29 to get,

o | = [Af ] AT 56 8] 30
where,
Ay, = [ [Arlex3|[Aa2]exa | (31)

Airship mass properties

The airship 3D model built by Atyya et al. [27], shown in Fig. 6, with hollow hull and
tri-motors as a propulsive unit will be used in the current study. The propulsive unit
position is chosen to shift airship C.G. in z direction only (xG =0,y¢ =0and zg # 0),

Fig. 6 3D CAD model of the airship
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Table 1 Airship mass properties

Parameter Value
Incidence angle of horizontal propulsive unit () 5°

Position of airship center of gravity (C.G.) (xG, Y6, 25) (0.00,0.00,0.21) m
Airship mass (m) 46.49 kg
Second moment of inertia about x-axis (xx) 6.39 kg.m?
Second moment of inertia about y-axis (1 ) 10.51 kg.m?
Second moment of inertia about z-axis (/) 10.58 kg.m?
Product moment of inertia about xy-plane (f) 0.00
Product moment of inertia about xz-plane (/) 0.09 kg.m?
Product moment of inertia about yz-plane (1, ) 0.00
Position of airship nose in x-direction (x,) 094 m

The half distance between right and left thrusters (/) 0485 m
The distance between the airship C.V. and propulsive unit center 0.52m

in z-direction (/)

Maximum thickness to chord ratio of of fin airfoil (t/¢) max 0.06
Minimum drag value of of fin airfoil (Cdmm) 0.01

Derivative of fin lift coefficient with respect to the angle of( 9 ) 573

%)

Derivative of fin lift coefficient with respect to the flap (%—g)f 573
Fin taper ratio (A) 1
Fin dihedral angle (I") 0°

| b,
lew 13
2G TG el lfl = lfg

‘ 23 ,(( ))\_/(E:D) L.

== —=r 1

- — - 2,

Cc.v

Fig. 7 Elevation and side view of airship CAD modeling showing different geometrical parameters

whereas the mass properties of the airship is presented in Table 1. The values provided
in Table 1 are estimations based on the mass properties of the Solid-Works CAD model
used in our study. It is important to note that the airship body is proposed to be con-
structed from wood, and the model assumes the presence of three engines along with a
hypothetical static load. Figure 7 shows airship geometrical parameters on elevation and

side view.

Airship optimal control tracking

Airship is modeled as a rigid body, considering the difference between C.G. and C.V. The
model is linearized with small disturbance theory to get an LTV system instead of the
non-linear one. Hence, the linear control theory can be applied to design the controller
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which stabilizes and improves the performance of the airship while performing its track-
ing missions.

Linear quadratic tracking (LQT) is one of the optimal control techniques with fully
output feedback. The derivation of this controller is based on the theorems of optimiza-
tion of calculus of variation to optimize a quadratic cost function which expresses the
required target from the system [38—41]. The derivation of the control signal for general

LTV system is explained in the following steps:

1. Consider an LTV system,

x(t) = A@)x(8) + B(t)u(t)

¥(t) = COx(0) (32)

with a cost function,

[2(tr) — Cle)x(t9)] "E (87) [2(tr) — C (1) ()]

1 [ p p
+3 /t () = CoxOIT QW) — COx®] +u” OROUE) )de
(33)

J(@) =

N =

where, x(t) is the state vector of size n, u(t) is the control vector of size r, y(t) is the
output vector of size m, A(t) is n X n state matrix, B(f) is n X r control matrix, C(f)
is m x n output matrix, F (tf) is the terminal cost weighted matrix, Q(¢) is the error
weighted matrix, R(¢) is the control weighted matrix, and z(¢) is the reference vector
of size m. Note that the two matrices Q(¢) and F (tf) should be symmetric positive
semidefinite, whereas the matrix R(¢) should be symmetric positive definite.

2. Construct the Hamiltonian equation,

1
H= - COx®)]"QD[z() — C(B)x(1)]

1 (34)
+ EuT(t)R(t)u(t) + 2T [A@®)x(t) + BE)u(t)]
where A(¢) is the costate vector.
3. Compute the optimal control signal u(z)
% =0= R(Ou(t) + BT @®)A(t) =0 = u(t) = —R 1 &BT ) A(t) (35)
4. Obtain the state and costate equations,
. oH .
x(t) = + FYiind x(8) = A®)x(2) + B()u(?) (36)
5 BH b T 1
A) = — o = At) = -V (@)x(t) — A" )A@) + W(t)z(¢t) (37)

where,

V) = CT()Qt)C(t) (38)
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W) = C(H)Q®) (39)
5. Then, a transformation of the costates is assumed. There are two assumed transfor-
mation.
a.  We assume the first transformation by intuition from Eq. 37 as follows,

M) =Pt)x(t) — G)z(t) =

. . . 40
) = Pt)x(t) + P(H)x(t) — G(t)z(t) — G()z(t) (40)

where, P(t) and G(f) are unknown matrices of size n X n to be determined.
Then, substitute the state Eq. 36 and costate Eq. 37 into the transformation
Eq. 40 to get,

[P(t) + P()A®) + AT ()P(t) — P()E@)P(E) + V(t)} x(t)

. (41)
- {G(t) + AT (H)G(t) — POEW®)G() + W(t)}z(t) — GW®)E(t) =0

assuming the reference input has the same dynamics of the system as follows,
z(t) = A(t)z(t) (42)

then,

{P(t) +P()A(t) + AT (£)P(t) — P(t)E(t)P(t) + V(t)}x(t)

- [6® + 6wA® +ATOG® — POEWG®) + W 1)]2(5) =0 )
and then, solve the two differential Riccati equations (DRE),

P(t) = —P(t)A(t) —AT(t)P(t) + P(OE(t)P(t) — V() (44)
backward in time with final condition

P(tr) = C*(tr)F (tr)C (1) (45)
and,

G(6) = —GOA®) — AT(OG(®) + POE®GE) — W (©) (46)
backward in time with final condition

G(tr) = C" () F(y) (47)
then, the optimal control signal can be obtained as,

u(t) = R OBT (O [P(O)x() — GD)z(1)] (48)

If C = I, this leads to V() = W (¢). So, the two Riccati matrices P(¢) and G(¢)
are equivalent.
b.  The second transformation is given by Naidu, D Subbaram [41],
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6) = P(O)x(t) — g(t) =

. . 49
At) = P(O)x(t) + P(6)x(8) — &(t) 49

where, P(t) is an unknown matrix of size n x n and g(t) is an unknown vector of
size n to be determined. Then, substitute the state Eq. 36 and costate Eq. 37 into
the transformation Eq. 49,

[P) + POA® + AT OP@) — POEMOPQ) + V(©)|%(0)

— [g® +aT@g) - POE®I®) + W©)2(0)] =0 o
then, solve the DRE,

P() = —POA®) — ATOP(@) + POE®OP®) - V(1) (51)
backward in time with final condition

P(y) = C(y)F (1) C(y) (52)
and the non-homogeneous vector differential equation,

g0 = =[aT@® - POE®|g) - W ©)z(t) (53)
backward in time with final condition

glty) = " (t)F ()= (1) (54)
then, the optimal control signal can be obtained as,

u(t) = —R (BT (O[P(O)x(t) — g ()] (55)

Figure 8 shows a diagram of the closed loop system of the airship with control-

ler. The non-linear model consists of five subsystems with seven inputs: four of

01, 0y Oers der

Linearized Model

Fig. 8 Closed loop diagram
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Fig. 10 Airship estimated velocity, angular rate, and orientation of linear and non-linear models

them are the deflections of vertical and horizontal stabilizers (8,7, 6,8, 8.r and .1),
and the others are the thrusters (T, T;and T,). The non-linear model is line-
arized with small disturbance theory to design the controller which minimizes the
error between the output vector [uvwpqrX Y Z ¢ 6 ] and the required vector
z(t) = [uy ve Wr pr qr 1v X Yy Zy &y 60p Y],

Results

Linearized model verification

The airship non-linear model of Eq. 17 is linearized by small disturbance theory to get
the linear model Eq. 28. The linear model is verified with input control signal U shown in
Fig. 9 with limitation [-25°,25°] on fin deflections, whereas Figs. 10 and 11 present the
response of airship states for linear and non-linear models. The absolute error between
the linear and non-linear models is introduced in Figs. 12 and 13. The previous figures
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Fig. 12 Absolute error of airship velocity, angular rate, and orientation between linear and non-linear models
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Fig. 13 Absolute error of airship position between linear and non-linear models

Page 22 of 36



Atyya et al. Journal of Engineering and Applied Science (2024) 71:2 Page 23 of 36

150 ‘ |
L WW" V Azor
g - g
k: . | |

../w",./,«
O 0
0 50 100 150 0 50 100 |
Time(sec) , Time(sec)
|—Required - - LQTa - LQTr2)
O \
10
T 20
N
30
-40
0 50 100 |

Time(sec)
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Fig. 15 Response of airship velocity, angular rate, and orientation to LQTjand LQTy, controllers

verify the adaptability of the proposed linearization approach to handle trajectory phase

variations. and different flight phases as well.

Comparison of tracking controllers

The two LQT controllers presented in Eqs. 48 and 55 are used to improve the perfor-
mance of the airship. For simplicity, new subscripts are introduced as M1 and M2 to
refer to the result of the first method in Eq. 48 and the second method in Eq. 55 of LQT
controllers, respectively. A proposed trajectory is defined in three phases: climbing for
20 s, hovering for 20 s, and going through apart of helical shape for 110 s. Figures 14 and
15 show the responses of the two controllers, whereas Figs. 16 and 17 show the control

action signal of the two methods respectively.
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The error and controller weighted parameters of this comparison are,
Q= [diag( A, L, L, L, 1,1 1 1 111 1))
= |9M8( Q0 R’ Q" QA QY Q27 Qe Q' Qy
9 (56)
R = |di 1 11 1 1 1 1
- lag RTV ’RTl ’RTZ ’R‘SrT ’R‘srB ’R‘seR ’R‘SeL
where,
Qu = 0.001 (56a)
Q, = 0.001 (56b)
Q, = 0.001 (56¢)

Qp =0.17/180 (56d)
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Qg =0.17/180 (56€)

Q, = 0.17/180 (56f)

0.001 — 0.0000225 t; t < 40 sec.
Qx

0.0001; £ > 40 sec. (56g)

Q

_{0.001 — 0.0000225 ¢; t < 40 sec.
¥ =1 0.0001; t > 40 sec. (56h)

Qg { 8.88(1); 0.0000225 ¢; i i ig sec. (560
. ; sec.
Qyp = 0.0017/180 (56j)
Qy = 0.0017 /180 (56Kk)
Qy = 0.0017 /180 (561)
Ry, = 0.001 (56m)
Ry, = 0.001 (56n)
Ry, =0.2 (560)
Rs,, = 0.017/180 (56p)
Rs,; = 0.017/180 (56q)
Ry, = 0.177/180 (56r)
Rs,, = 0.17/180 (565)

The values of the matrices in Eq. 56 are given by Bryson’s rule with manual tuning.
According to this rule, Q(.yand R(.) represent the maximum acceptable value of |(-)| [42].

Figures 14 and 15 show that there is no major difference in states response between
the two methods of LQT controller, whereas Figs. 16 and 17 show that there is a dif-
ference in control action signal between the two methods at the points of switch-
ing the trajectory phase. Therefore, a hybrid LQT controller is proposed to enhance
the airship performance within the acceptable range of the control signal. The first
method of LQT controller is used through the whole trajectory with switching to
the second method at the transition points. Figures 18, 19, and 20 show the states
response and control action results of the hybrid LQT controller and the subscript
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Fig. 18 Response of airship position to LQTy1, controller. Note that Height = —7
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Fig. 19 Response of airship velocity, angular rate, and orientation to LQT 1, controller

M12 is referring to it. These figures gives satisfactory results of airship trajectory fol-
lowing with acceptable control actions.

Airship performance for different trajectories

The airship performance is tested by three different trajectories, circular, helical, and
bowed using LQT 12 tracking control method with weights in Eq. 56. These trajecto-
ries define the airship position (X, ¥, and Z,) and orientation (¢,, 6, and ¥,), and then
the kinematic Eqs. 2 and 5 are used to determine the required airship velocity com-
ponents (i, v, and w;,) and angular rate (p,, g, and r,). The required yawing angle ¥, is

computed by the following equation [43, 44],
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-1 r
Y, = tan —_ 57
r ya (57)

The required position for the different trajectories is defined as follows:

1.

2.

Circular trajectory

The selection of the time factor in these trajectories is influenced by various factors,
including the complexity of the airship model, the simulation sample time, the com-
putational capabilities of the machine used for simulation, and the interval of conver-
gence of the linear model. It is important to note that the choice of these specific tra-
jectories was obtained through a process of trial and error, taking into consideration
the aforementioned factors. The aim was to find a suitable time factor that allows for
a controlled and manageable simulation while still capturing the essential dynamics
of the system. For a real-world model, the determination of the time factor would
primarily depend on the sample time of the sensors used for data acquisition. It is
crucial to align the simulation parameters with the real-world conditions to ensure
accurate representation and analysis. The proposed position for the circular trajec-

tory is defined as follows,

X, = t; t <40
"= 40 + 203sin (0.0049 £) ¢ > 40
0; t <40

Y, = { 203[cos (0.0049 ¢) — 1] ¢ > 40 (58)

—t; t<20
Z’_{—ZO t > 20

Helical trajectory
The proposed position for the helical trajectory is defined as follows,
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X, = t; t <40
40 + 203 sin (0.0049 t) t > 40
Y. — 0; t <40
"7 ] 203[cos (0.0049 t) — 1] ¢ > 40 (59)
—t; t <20
Z,=<{ —20 20 <t<40
—t/5 t>40

3. Bowed trajectory

The proposed position for the bowed trajectory is defined as follows,

X, = t; t <40
T ] 40 +1025sin (0.0049 ) ¢t > 40

v _ o t < 40
407[cos (0.0025 £) — 1] ¢ > 40 (60)

& £<20
Zr :{ —20 t>20

Figures 21, 22, 24, 25, 27, and 28 show the states response; Figs. 23, 26, and 29 show
the control action of the different trajectories. LQT 2 control method is applied around
t =20sand t = 40s, whereas LQTj,s control method is applied elsewhere. There-

fore, LQTs12 control method improves the performance of the airship with a stable and an
acceptable control signal.

Discussion
Linearized model verification

The absolute error between the linear and non-linear models

lerror| = E(| - |) = [()nonlinear — (")linear| (61)
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Fig. 21 Response of airship position to circular trajectory. Note that Height = —Z
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Fig. 22 Response of airship velocity, angular rate, and orientation to circular trajectory
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Fig. 24 Response of airship position to helical trajectory. Note that Height = —7
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Fig. 27 Response of airship position to bowed trajectory. Note that Height = —Z

presented in Figs. 12 and 13 indicates that the linear model simulates the non-linear
one with a good accuracy, since the order of error between the linear and non-linear
models is 1073 or less, except for three states w, ¢, and r (see Table 2. These three states
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Fig. 29 Control action signal to bowed trajectory

Table 2 Statistical analysis of the absolute error between linear and non-linear models

State Max. of |error| Mean of |error| Standard
deviation
of |error|

u(m/s) 4.9856e—03 1.0852e—03 1.5091e—03

v(m/s) 3.1555e—-05 1.1213e—-06 3.3675e—06

w (m/s) 1.3581e—01 9.8909e—02 2.9375e—03

p (deg/s) 54486e—03 3.8234e—04 6.6885e—04

q (deg/s) 6.8884e—01 1.6000e—01 2.2057e—01

r (deg/s) 1.7830e—02 1.5164e—03 24592e—03

X (m) 2.5655e—04 2.4087e—06 1.6172e—05

Y (m) 2.1388e—05 7.6100e—07 25117e—06

Z(m) 9.8100e—04 3.7083e—06 2.6081e—05

¢ (deg) 5.6102e—05 1.8942e—06 5.6042e—06

0 (deg) 24878e—03 2.5740e—-05 1.6683e—04

¥ (deg) 1.8068e—04 2.9675e—06 1.0403e—05
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have small biases at different parts of the trajectory. However, these biases are acceptable
when compared with the absolute values of the states. Table 2 presents the error analysis
between the responses of Figs. 10 and 11, which correspond to the linear and nonlinear
models, respectively. The inputs for these models are taken from Fig. 9. The error in the
table is calculated as the absolute difference between the actual response of the nonlin-
ear model and the estimated response of the linear model.

Comparison of tracking controllers

Figure 16 shows that the first method resulted in a sudden change at the points of
switching the trajectory phase. On the other hand, the second method had a smooth
change at these points with a strong response at the beginning (see Fig. 17). Same con-
clusions were presented by Suicmez [45]. These analyses led to use the first method of
LQT controller with switching to the second method at the points of changing trajectory
profile (see Figs. 18, 19, and 20). This hybrid controller was utilized to improve the air-

ship performance in different trajectories circular, helical, and bowed
great results as shown in Figs. 21, 22, 23, 24, 25, 26, 27, 28, and 29.

and gave a

Conclusions

Our study focused on the development of a comprehensive nonlinear mathematical
model for airship dynamics in a six-degree-of-freedom (6DOF), considering rigid body
dynamics. By applying small disturbance theory, we derived a linearized model that
served as a valuable tool for validation and control design purposes.

In terms of control design, we introduced a hybrid controller that combined two
methods of linear quadratic tracking (LQT) to optimize the airship’s performance. The
first method, LQTxs1, demonstrated effective results in minimizing the error between
the output and the desired states, while maintaining stability and generating acceptable
control signals. However, it proved to be sensitive to changes in the trajectory profile.

To address this sensitivity, we incorporated the dynamics of the required trajectory
into the control design using the second method, LQTs. By considering the transition
points of the trajectory profile, we implemented a switching mechanism between LQT;
and LQT2. This hybrid controller configuration yielded satisfactory results, combining
the advantages of both methods.

In conclusion, our work contributes to the field of airship control by providing a com-
prehensive nonlinear mathematical model, validating the linearized model, and propos-
ing a hybrid control approach that improves performance by accounting for trajectory
dynamics. The findings of this study provide valuable insights for further refining and
optimizing control strategies in airship applications.

Nomenclature

Roman

F The vector of external forces acting on the airship, N

H The vector of the airship angular momentum, kg.m/s

M The vector of external moments acting on the airship, N.m
a The airship body acceleration, 71/s?
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Co
Cr, Cm, CN

Cx,Cy,Cz

Cr1

Cam1, Car2, Cpyiz, Caia
Cn1,Cn2, CN3, CNa
Cx1,Cx2
Cy1,Cy2,Cy3, Cys
Cz1,Cz2,Cz3,Cz4

Fx’FnyZ

State matrix of the linearized model

Control matrix of the linearized model

Control vector of the linearized model

State vector of the linearized model

State matrix of the LTV model

Control matrix of the LTV model

Output matrix of the LTV model

Cosine of the angle ()

Coefficients of aerodynamic moments Lg, My, N;, respectively,
3

Coefficients of aerodynamic forces Fy, Fy, F;, respectively, m?

Moments aerodynamic constants, m3

Forces aerodynamic constants, m?

External forces acting on the airship in x, y and z directions,
respectively, N

Aerodynamic forces in x, y and z directions, respectively, N
Gravitational forces in %, y and z directions, respectively, N
Propulsive forces in «, y and z directions, respectively, N
Second moment of inertia about the axis (-), or product
moment of inertia about the axes (--), kg.m2

Cost function of the LTV model

External moments acting on the airship about x, y and z axes,
respectively, N.m

Aerodynamic moments about x, y and z axes, respectively, N.m
Gravitational moments about x, y and z axes, respectively, N.m
Propulsive moments about x, y and z axes, respectively, N.m
The error weighted matrix

The control weighted matrix

The rotation transformation matrix between the body axes
(xyz) and fixed frame of reference (XYZ)

Sine of the angle (-)

Tangent of the angle (-)

Airship left thruster, N

Airship right thruster, N

Airship vertical thruster, N

Airship absolute velocity, v/u2 + v2 + w2, m/s

Fixed frame of reference

Hull front and rare major axes, respectively, m

The gravitational acceleration, 9.80665 m /s2

The half distance between right and left thrusters, m

The distance between the airship C.V. and propulsive unit
center in z-direction, m
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m Airship mass, kg
»ar Airship angular velocities about %, y and z axes, respectively,
radian/sec
oo Dynamic pressure, % Poo Vtz, kg/ (m.sz)
u, v, w Airship linear velocities in x, y and z directions, respectively,
m/s
u(t) Control signal vector of the LTV model
Xn Distance between hull nose and airship C.V., m
(xg, VG, z(;) Position of airship C.G., m
xyz Airship frame of reference
x(t) State vector of the LTV model
y(£) Output vector of the LTV model
z(£) Reference vector of the LTV model
Greek
o Angle of attack, radian
B Side-slip angle, radian
8e1,8er  Left and right horizontal stabilizer deflections, respectively, radian
8;1,8rp 'Top and bottom vertical stabilizer deflections, respectively, radian
At) Costate vector of the LTV model
m Incidence angle of horizontal propulsive unit, radian
¢,6,v  Airship Euler angles, radian
Subscript
[‘To The triming value of[-]
[-1am1 The result of the first LQR method
[ 12 The result of the second LQR method
[[lar12 The result of the hybrid LQR method
[1r The required state [-] response
Operator
0 First derivative of []
0] Second derivative of [
E(|-]) Absolute error of “-”
diag(-) Diagonal matrix with the diagonal elements (-)
. 1, If()>0
SnC)\ Z1 I () <0

Abbreviations

6DOF  Six degree of freedom

CG. Center of gravity

CV. Center of volume

DRE Differential Riccati equations
LQR Linear quadratic regulator
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Lar Linear quadratic tracking
LTV Linear-time varying
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