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Introduction
A hot rolling of steel strip is a sequential process performed to convert the semi-fin-
ished slab which is reheated to a predetermined temperature and then rolled to make 
the specified hot strip in a coiled form. A hot slab mill primarily consists of the following 
units or areas (illustrated in Fig. 1): reheat furnace, roughing mill, transfer table, coil box, 
crop shear, finishing mill, runout table, and coiler. Slabs of around 250-mm thickness are 
reheated to a temperature of approximately 1200°C in the reheat furnace. In the rough-
ing mill, the reheated slabs are reduced to a thickness of 25–50 mm. The resulting trans-
fer bar is then transported to the finishing mill, where it is further reduced to the final 
thickness 0.8–20 mm.
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ration. For both schemes, PID and fuzzy-PID are considered for comparison purposes. 
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The finishing mill in hot strip mill has typically five to seven stands to reduce the 
transfer bar thickness down to the appropriate thickness. The speed of the rolling is 
set to perform the final reduction between 820 and 900 °C at the finishing tempera-
ture to achieve particular mechanical properties. The finishing mills roll the transfer 
bar in tandem, which mean each bar is rolled at once through all the finishing stands. 
The hot steel is quite fragile as it is rolled and tension between the stands of finishing 
mill must be tightly controlled at very low levels to prevent stretching or tearing the 
strip. The position of each roll is fed back to the finishing mill’s automation system 
which, along with information from the load cells that monitor rolling force and from 
the gauge measuring final strip thickness, work to smoothly adjust the roll gaps and 
speeds to maintain stable rolling of strip to the necessary thickness despite the tem-
perature variations present in every bar.

For the last three decades, many advanced looper control techniques have been 
proposed, such as PI controller, inverse linear quadratic ILQ [1], neuro-fuzzy meth-
odologies [2, 3], adaptive control [4], and H∞ [5, 6]. However, sufficient performance 
has not been achieved due to the following: the model is approximately linearized 
around the reference point; the controller ignores the interactions between the strip 
gauge, tension, and angle; or the external unknown nonlinear disturbances are not 
considered. Recently, the nonlinear sliding mode techniques have been proposed 
due to robustness performance and the ability to withstand external disturbance and 
parameter uncertainties [7, 8].

This paper’s objective is to illustrate and compare the performance of different con-
trol techniques in the presence of disturbances, uncertainty, and unmodeled dynam-
ics. The paper’s goal is achieved by applying the traditional PID controller as the first 
control technique via two control schemes. The second controller adopted is achieved 
by replacing the PID controller by fuzzy-like PID in both control schemes. The super 
twisting sliding mode control is considered the third adopted controller technique, in 
which the control input is the reference of the looper torque and the controlled vari-
able is the looper angle. The last control technique proposed in this paper is the linear 
quadratic regulator (LQR). All the proposed controllers have been implemented indi-
vidually for a complete nonlinear six stands model.

Besides this introductory section which includes a brief introduction and the objec-
tive of this research, the paper includes four sections. The process model is intro-
duced in the “Process model” section, the proposed controller is explained in the 

Fig. 1  The schematic diagram of a traditional hot strip mill
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“Control approaches” section, simulation results are illustrated in the “Simulation 
model” section, and conclusions are drawn in the “Conclusions” section.

Process model
Between all the stands of the finishing mill, a looper is installed for the purpose of ensuring 
that there is a particular strip tension between any two stands. The reason is to prevent the 
necking of the strip as a result of excessive tension. Too strong tension will finally lead to a 
strip break. This can occur when the mass flow through the following stand is higher than 
the flow through the previous stand as a result of a too high speed in the following stand. 
When the mass flow through the following stand is smaller, a loop is built up. A steadily 
increasing loop leads to the formation of folds. If a fold is formed, the strip may enter the 
next stand with triple strip thickness. The result may be a breakage of a roll or of a spindle. 
Thus, a loop control must be installed. For technological reasons, the strip tension should 
be kept constant between two stands, independent of the actual strip stock. Usually, the 
major mechanical and hydraulic components of each looper as shown in Fig. 2 are one hol-
low idler roll, approximately located midway between two consecutive stands: one pivoting 
arm which holds the roll and one rotating hydraulic actuator double.

Strip tension dynamics

The interstand strip tension σ(t) described here is close to [7–9], which is defined by Young’s 
modulus E of the strip and the strip stretch as the following:

where θ is the looper angel; L is the distance between two consecutive stands; L′(θ) is the 
geometric strip length between stands i and i + 1 considering the motion of the looper; and 
(L + ξ(t) ) is the stored strip length, which changes as the result of mass flow difference ξ(t) 

(1)σ(t) = E
L′(θ)− (L+ ξ(t))

L+ ξ(t)

Fig. 2  Looper geometry [9]
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between stands i and i + 1. It is worth to mention that ξ(t) is rather small compared with L. 
So (L + ξ(t)) is approximated to L. The equation (1) is rewritten as,

The geometric length between stands L′(θ) is evaluated as follows:

where ℓ1(θ), ℓ2(θ) are the strip lengths depicted in Fig. 2. It can be computed according to 
the following geometrical formulas:

The interstand strip deviation ξ̇ (t) with respect to the interstand length L is described by 
the following equation:

where vi(t) is the speed of the strip leaving the stand i , Vi + 1(t) is the strip speed entering 
the downstream stand (i + 1), and ωξ(t) represent unmodeled dynamics.

The strip speed is controlled by automatic speed regulator. It can be modelled as first-
order systems with time constant τv as the following:

The relation between the speed of the strip leaving the stand vi(t) and the angular velocity 
ωi of the work rollers is evaluated as:

where Sif  represents forward slip, and Ri represents work roller radius.
The mass flow is conserved through the stand and assuming the strip width is constant, 

the speed Vi(t) of the strip entering the ith stand can be evaluated as the following:

where Hi(t) and hi(t) are the stand entry thickness and the exit thickness, respectively.
Finally, the derivative of interstand tension σ(t) is given as:

(2)σ(t) = E

[

L′(θ)− (L+ ξ(t))

L

]

(3)L′(θ) = ℓ1(θ)+ ℓ2(θ)

(4)ℓ1(θ) =
√

(a+ l cosθ)2 + (l sinθ + (r − d))2

(5)ℓ2(θ) =
√

((L− a)− l cosθ)2 + (l sinθ + (r − d))2

(6)ξ̇ (t) = vi(t)− Vi+1(t)+ ωξ (t)

(7)v̇i(t) = − 1

τv
vi(t)+

1

τv
vref (t), vi(0) = vi0

(8)vi(t) =
(

1+ Sif

)

ωi(t)R
i

(9)Vi(t) =
vi(t)hi(t)

Hi(t)

(10)σ̇ (t) = E

L

[

d

dt
L′(θ)− ξ̇ (t)

]
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So, σ̇ (t) can be evaluated as:

where α and β are the angles between the strip and the pass line and given by

Looper dynamics

Looper dynamics is obtained by applying Newton’s law of motion to the looper system. 
Given the looper inertial momentum to hydraulic actuator J, the hydraulic actuator 
torque on the looper Tu(t), load torque on the looper Tload(θ), and unmodeled dynam-
ics ωω(t), the dynamics can be expressed as:

where Tload(θ)  represents the loads caused by strip tension Tσ(θ), strip weight Ts(θ), 
and looper weight Tl(θ). It can be evaluated as follows:

The looper actuator torque Tu
i(t) controlled by automatic torque regulator and mod-

elled as first-order system with time constant τt as the following:

The stand model

There are several mathematical models available in the technical literature and choice of 
the most appropriate is not always easy. The Sims’s model [10] is one of the most model 

(11)
d

dt
L′(θ) = dL′

dθ

dθ

dt

(12)
dL′

dθ
= dℓ1

dθ
+ dℓ2

dθ

(13)σ̇ (t) = E

L

[

l[sin(θ + β)− sin(θ − α)]θ̇ (t)−
(

vi(t)− V (t)i+1 + ωξ (t)
)]

(14)α = tan−1

[

l sinθ + (r − d)

a+ l cosθ

]

(15)β = tan−1

[

l sinθ + (r − d)

(L− a)− l cosθ

]

(16)J θ̈ (t) = Tu(t)− Tload(θ)+ ωω(t)

(17)Tσ (θ) = σhWl[sin(θ + β)− sin(θ − α)]

(18)Ts(θ) = ρghiW
(

li1(θ)+ li2(θ)
)

l cosθ

(19)TL(θ) = glcosθ

(

Ma

2
+Mr

)

(20)Ṫ i
u(t) = − 1

τt
Tu

i(t)+ 1

τt
Tu

ref (t),Tu
i(0) = Ti

0
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presented in the literature as being useful for control development. The model descrip-
tion follows closely that in [11]. The gap of the mill stand can be estimated by starting 
from evaluation of the rolling force relationship as the following:

where F is the roll force, κ is the constrained yield stress of the material, Qp is a geo-
metrical factor which represents the contribution of the friction and inhomogeneities 
of deformation [11], (σin + σout)/2 is the mean tension stress of the strip, and 

√
R′δ is the 

contact arc between the strip and work rolls given in terms of the radius of the flattened 
roll R′ and the reduction of δ = (Hi − hi).

The deformed work roll radius R′ is obtained using the Hitchcock equation as the fol-
lowing [12]:

where R represents the undeformed work roll radius, υ is Poisson’s ratio, and E is 
Young’s modulus.

The geometrical factor Qp as expressed in Sims’s paper is a non-linear function of the 
work roll radius (R), entry thickness Hi and exit thickness hi:

and the reduction r is given by:

where Y is an approximation evaluation of the strip thickness at the neutral plane 
(shown in Fig. 3) and φn presents the angle between the centre line of the stand and the 
neutral plane.

The angle φn is approximated as:

The strip thickness hi at the mill exit is evaluated using the linearized relation as:

(21)F =
(

κQp −
σin + σout

2

)

W
√
R′δ

(22)R′ = R
(

1+
16

(

1− υ2
)

P

πE�h

(23)Qp = π

2
a tan−1

√

r

1− r
− π

4
− ab ln

(

Y

hi

)

+ 1

2
ab ln

(

1

1− r

)

(24)a =
√

1− r

r

(25)b =
√

R′

hi

(26)r = Hi − hi

Hi

(27)Y = hi + R′φ2
n

(28)φn ∼=
1

b

(

tan

(

π

8

ln(1− r)

b
+ 1

2
tan−1

√

r

1− r

))
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where Si is the position of the roll bite position actuator, Fi is the total rolling force (equal 
to P times W, where W is the strip width), and Mi is the mill modulus, which represents the 
amount of deformation of the mill stand under rolling force Fi.

The forward slip Sif  is a measure of the relative difference between the speed of the strip 
exiting the roll bite and the peripheral speed of the roll. It is defined as:

where vi is the exit strip speed and Vi is entry strip speed [13]. In this model, the forward 
slip is expressed as [11]:

According to [14], the friction coefficient μ presented as empirical formula obtained for 
flat hot rolling mill in terms of workpiece temperature on degrees F and given as:

(29)hi = Si +
Fi

Mi

(30)Sif =
Vi(t)− vi(t)

Vi(t)

(31)Sif =
R′

hi
(βn)

2

(32)βn = φ1

2
− δκ + σinHi + σouthi

4κRpµ

(33)φ1 =
√

δ

Rp

(34)µ = 2.7x10−4 TF − 0.08

Fig. 3  Roll bite area [13]
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The hydraulic cylinder controlled by AGR are modelled as first-order system with time 
constant τs as the following:

While the exit gauge hi which depends on the mill modulus M, roll force Fi, and roll 
gap Si [15] is given as:

The deviation of the rolling force from desired point is approximated by the following 
linear expression.

where Hi is the thickness of the strip entering the stand, σ i
b is the strip back tension, σ i

f  
is the strip front tension, and Fdiis the disturbance of rolling force [16].

Control approaches
Many methods have been proposed and discussed for looper tension control. In this sec-
tion, some of the applicable control architectures for the finishing mill are reviewed as 
shown in Fig.  4. The most common traditional PID schemes represented in the “PID 
controller” section. In the “Fuzzy controller” section, the control system based on fuzzy-
PID controller is proposed to replace the convention PID regulation in the “PID control-
ler” section.

Nonlinear sliding mode control will be introduced in the “SMC technique” section 
and it is shown that in order to solve the sliding mode common problem (referred to 
as “chattering phenomenon”), the super twisting algorithm in implementations of slid-
ing mode control techniques has been suggested. In the “Linear quadratic regulator” 

(35)Ṡi(t) = − 1

τs
Si(t)+ 1

τs
Sref (t), Si(0) = Si0

(36)�hi(t) = �Si(t)+ �Fi(t)

Mi

(37)�Fi(t) =
(

∂Fi

∂Hi

)

�Hi +
(

∂Fi

∂hi

)

�hi +
(

∂Fi

∂σi−1

)

�σi−1 +
(

∂Fi

∂σi

)

�σi +�Fdi

Fig. 4  Control architectures for finishing mill
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section, multivariable controller is decentralized with respect to the stands which will 
result in a separate LQR design for each stand/interstand zone.

PID controller

Two control loop configurations are studied in this work. The configurations are illus-
trated in Figs. 5 and 6. In the first control scheme, the conventional solution for regula-
tion of thickness, angle, and tension is shown in Fig. 5. In this scheme: the looper angle 
deviation �θ i(t) = θ i0 − θ i(t) is regulated by ASR based on a PID controller acting on 
the speed reference ωi, ref(t)  , the tension deviation �σ i(t) = σ i

0 − σ i(t) is regulated by 

Fig. 5  Conventional PID control scheme (I) [9]

Fig. 6  Conventional PID control scheme (II) [9]
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ATR based on PID controller that acts on the reference torque of the looper Ti,ref
u (t) , 

and the force deviations �Fi(t) = Fi
0 − Fi(t) is regulated by AGR based on PID regula-

tor action on roll gap reference Si, ref(t) of the capsule [9, 17, 18].
In the second control scheme (Fig. 6), the solution for regulation of angle, tension, and 

thickness proposed works oppositely to first control schemes. The ASR based on PID 
controller is used to regulate the tension deviations �σ i(t) = σ i

0 − σ i(t) by trimming 
reference speed ωi, ref(t) of upstream stand, whereas the ATR based on PID controller is 
used to regulate looper angle deviation �θ i(t) = θ i0 − θ i(t) by trimming the reference 
torque Ti,ref

u (t) of the looper arm. The AGC uses PID controller to regulate the force 
deviations �Fi(t) = Fi

0 − Fi(t) by changing the capsule position Si, ref(t).

Fuzzy controller

The PID controller techniques are widely used in practice, due to the simplicity in tuning 
and implementation. However, the convention schemes have a problem that high gain 
causes overshoot and instability whereas low gain gives a low response. So fuzzy-PID 
controller is proposed which gives dynamic gain based on the error and the rate of error 
change.

The two-dimensional fuzzy controller as shown in Fig. 7 is the most commonly used 
controller form in fuzzy control. The controller has a structure that is quite similar to the 
PID. The fuzzy inference provides the tuning to PID parameters Kp, Ki, and Kd using a 
nonlinear mapping from the error and its derivative

The fuzzification process

Fuzzification is the process which transforms numerical form input variables into lin-
guistic variables. In other words, it is mapping inputs to the FLC into fuzzy set member-
ship. In this paper, the domain of language variable of input, system error e, and the rate 
of error ec are {−1, −0.6665, −0.3332, 0, 0.3332, 0.6665, 1}, and the fuzzy sets are {NB, 
NM, NS, Z, PS, PM, PB}. The elements of the subset stand for the following: negative 
big, negative medium, negative small, zero, positive small, positive medium, positive big. 
Figure 8 shows the fuzzy membership function for e and ec, where the number of mem-
bership functions and type of membership function are chosen to be such as triangular.

Fig. 7  Structure of fuzzy-like PID controller
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The domain of the language variable of the output,∆Kp,∆Ki,∆Kd are {1, 2.503, 
3.952, 5.5, 7.03, 8.47, 10}, and the fuzzy sets are {out1, out2, out3, out4, out5, out6, 
out7}. The elements of the subset stand for output1: output7. Figure  9 shows the 
fuzzy membership function for∆Kp,∆Ki,∆Kd, where the number of membership 
functions and type of membership function is chosen to be such as triangular.

The fuzzy rule base consists of a set of consequent linguistic rules of the form if-
then statements (e.g. Table S1).

The Kp coefficient is to improve the regulation accuracy and speed up the time 
response of the system, but if Kp is relatively high, it results in overshoot and con-
sequently system instability; the Ki coefficient is to eliminate the steady-state error 
of the system, but if Ki is relatively high, it leads to integrator wind-up and leads to 
overshoot; the Kd coefficient is to increase the stability of the system, reduce the 
overshoot, and improve the transient response, but if Kd is relatively high, it pro-
duces a highly oscillatory response due to noise amplification. Based on the above 
discussion, the relationship between deviation e, the rate of deviation ec, and the 
parameters Kp, Ki , Kd could be summarized as the following:

When the absolute value of the error is large, Kp should be large and Kd should be 
small to achieve a better fast-track performance and the integration action should be 
limited to avoid a big overshoot.

When the absolute value of the error is in the middle-size, Kp should be smaller 
and Ki should be appropriate to avoid the system overshoot; in this case, the value of 
Kd term will generate a great impact on the system response.

Fig. 8  The membership function of e, ec 

Fig. 9  The membership function of the outputs
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When the absolute value of the error is small, Kp and Ki should be big to achieve a 
good steady-state performance, the value of Kd should be appropriate to avoid sys-
tem settings near the oscillation, and the value of Kd should be appropriate. Table S1 
translates the general discussion above to a set of implementable fuzzy control rules.

Defuzzification

The centre of area method is used to convert the fuzzy set to a crisp output value and the 
controller is obtained.

where ∆Kp, ∆Kiand∆Kd are scaling factors (fuzzy tuning output); KPi, KIi, and KDi repre-
sent the outputs variables; μ is the membership function of fuzzy set; and n represents the 
number of the single-point set.

According to the fuzzy control model of each parameter and the membership assign-
ment table of each fuzzy subset, the fuzzy matrix can be obtained for PID parameters as the 
following:

where Kp, Ki, and Kd are online calculated PID gains and K ′
p, K ′

i  , and K ′
d are the PID 

parameters of conventional PID.

Fuzzy‑PID for looper tension control

According to the above-mentioned design method and the control architecture illustrated 
in Fig. 10, the fuzzy-PID controller is applied to the first scheme in the “Fuzzy-PID control 
using the first scheme (I)” section and the second scheme in the “Fuzzy-PID control using 
the second scheme (II)” section.

Fuzzy‑PID control using the first scheme (I)

The tension error (44) and its derivative (45) are controlled by a fuzzy-PID controller that 
acting on the reference torque of the looper Ti,ref

u (t) (see Fig. 11).

(38)�Kp = f1(e, ec) =
∑n

i=1 µi(e, ec)KPi
∑n

i=1 µi(e, ec)

(39)�Ki = f2(e, ec) =
∑n

i=1 µi(e, ec)KIi
∑n

i=1 µi(e, ec)

(40)�Kd = f3(e, ec) =
∑n

i=1 µi(e, ec)KDi
∑n

i=1 µi(e, ec)

(41)Kp = �Kp ∗ K ′
p

(42)Ki = �Ki ∗ K ′
i

(43)Kd = �Kd ∗ K ′
d
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The looper angle deviation (46) and its derivative (47) are controlled by a fuzzy-PID 
acting on the speed reference ωi, ref(t) .

(44)�σ i(t) = σ i
0 − σ i(t)

(45)σ̇ (t) = E

L

[

d

dt
L′(θ)− ξ̇ (t)

]

(46)�θ i(t) = θ i0 − θ i(t)

(47)θ̇ (t ) =
∫

1

J
[Tu(t)− Tload(t)]

Fuzzy Control 
Logic

Saturation

Saturation

e(t)

de(t)/dt

PID(S)

P

D

I
Control Signal

Gain

Gain

Fig. 10  The simulation block diagram of the fuzzy-PID controller

Fuzzy

PID

e

ec

Fuzzy

PID

e

ec
Fuzzy

PID

e

ec

Fig. 11  Fuzzy-PID control scheme (I)
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Thus, force error (48) and its derivative (37) are controlled by a fuzzy-PID controller 
that operates on the roll gap reference Si, ref(t) .

According to the above-mentioned design method and to control architecture illus-
trated in Fig. 7, the tension error and the derivative of tension (13) are controlled by a 
fuzzy-PID controller that acts on the reference torque of the looper Ti,ref

u (t) . The looper 
angle deviation and the angle derivative (48) are controlled by a fuzzy-like PID acting on 
the speed reference ωi, ref(t) relative to the ith stand, the force error and the force error 
rate of change controlled by a fuzzy-like PID controller that operates on the roll gap ref-
erence Si, ref(t) of the hydraulic capsule

Fuzzy‑PID control using the second scheme (II)

In this scheme, the tension error (44) and its derivative (45) are controlled by a fuzzy-
PID controller that acts on the reference speed of the looper ωi, ref(t) . The looper angle 
deviation (46) and its derivative (47) are controlled by a fuzzy-PID acting on the torque 
reference Ti,ref

u (t) . The force error (48) and its derivative (37) are controlled by a fuzzy-
PID controller that operates on the roll gap reference Si, ref(t)  of the hydraulic capsule 
relative to the ith stand where the force reference is decided according to the exit target 
thickness (see Fig. 12).

SMC technique

The inaccuracy between the mathematical model and the actual plant during formula-
tion of any control problem arises from simplified representation of the system’s dynam-
ics and/or unknown plant parameters [19]. The robust control methods which are 

(48)�Fi(t) = Fi
0 − Fi(t)

Fuzzy

PID

e

ec

Fuzzy

PID

e

ec
Fuzzy

PID

e

ec

Fig. 12  Fuzzy-PID control scheme (II)
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supposed to achieve the desired performance in the presence of disturbance/unmodeled 
dynamics are the so-called sliding mode control technique.

Let us consider the single-input dynamic system

where the scalar x is the output of interest, the scalar u is the control input, and 
x =

[

x, ẋ, . . . , x(n−1)
]T  is the state vector. The function f(x) is, in general, nonlinear 

and not precisely known but its norm is assumed to be upper bounded by a known 
continuous function of x; similarly, the control gain b(x) is, in general, nonlinear and 
partially or fully unknown but is of known sign and is bounded by known, continuous 
function of the x.

The control problem is to get the state x to track desired time-varying state trajec-
tory xd =

[

xd ẋd . . . x
(n−1)
d

]T
 in the presence of modelling uncertainties in f(x)  and 

b(x).
Let us consider 

∼
x = x − xd be the tracking error in the variable x, and let 

∼
x = x − xd =

[

∼
x

∼
ẋ . . . .x̃(n−1)

]T

 be the tracking error vector. Now, the sliding surface 

S(t) can be defined as a time-varying surface in state space R(n) by the scalar equation 
s(x; t) = 0 and λ is a strictly positive constant.

Given the initial condition  xd(0) = x(0), the tracking problem x = xd is similar to 
remaining on the sliding surface s(t) for all t > 0; indeed, s = 0 represents a linear differen-
tial equation whose unique solution is 

∼
x = 0 . Thus, keeping the scalar s quantity at zero 

will simplify the tracking problem of n-dimensional vector xd to be first-order problem.
Keeping the scalar s = 0 can be achieved by suitably choosing the control law u in (49) 

such that

where ε is a strictly positive constant. Condition (51) (called sliding condition) makes 
s(t) an invariant set. It is worth to mention that condition (51) forces the state trajecto-
ries to the surface s(t) and, once on the surface, the system trajectories remain on the 
surface itself.

The block diagram of our control scheme is shown in Fig.  13. The angle deviation 
�θ i(t) = θ i0 − θ i(t) is controlled by trimming the reference torque Ti,ref

u (t) , tension 
deviations �σ i(t) = σ i

0 − σ i(t) by a PID controller acting on the reference ωi, ref(t) of 
the upstream stand, and the AGC uses a PID controller to regulate the force deviations 
�Fi(t) = Fi

0 − Fi(t) by changing the capsule position Si, ref(t)
The SMC is applied to the looper angle loop as shown in Fig.  13. The procedure 

described here is similar to [8]. In order to apply the SMC, the equation of the looper 
angle need to be written in standard form as follows

(49)x(n) = f (x)+ b(x)u

(50)s(x; t) =
(

d

dt
+ �

)n−1∼
x

(51)
1

2

d

dt
s2 ≤ −ε|s|
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where x =
[

θ i(t), θ̇ i(t)
]T . In order to apply SMC, the Ti

load

(

θ i, t
)

 is needed to be 
approximated. The measured value of the hydraulic torque T̂ i

u(t) represents an approxi-
mation of f(x) since the angular acceleration of the looper is small.

The looper load torque Ti
load(θ) can be approximated by the measure of the hydrau-

lic torque T̂ i
u(t) and looper actuator torque can be approximated by Ti,ref

u (t) . The 
upper bounds of the approximation errors are as follows:

The sliding surface is given by S(t) =
∼
θ̇

i

(t)− �
∼
θ
i

(t) , where

(52)f (x) = −1

J

(

Ti
load

(

θ i, t
))

(53)b(x) = 1

J

(54)
∣

∣

∣
Ti
load(θ)− T̂ i

u(t)
∣

∣

∣
≤ f1

(55)
∣

∣

∣
T

i,ref
u (t)− Ti

u(t)
∣

∣

∣
≤ f2

(56)∼
θ
i

(t) = θ i(t)− θ id(t)

(57)
∼
θ̇

i

(t) = θ̇ i(t)− θ̇ id(t),

Fig. 13  SMC control structure
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where  θ̇ id(t) is the target angular speed and αi
d(t) is the angular acceleration of 

the looper. According to the standard SMC procedure [19], the control law can be 
obtained as the following

By choosing  K ≥ f1 + f2 + εJ, we can now guarantee that (51) is verified. In order 
to eliminate the well-known chattering, Sims [10] suggests replacing the following 
discontinuous

With

Also, Hongwei et al. [7] suggest a high slope saturation function instead of the signum 
function as a solution for chattering phenomena. The control low can be expressed by

where the saturation function sat(∙) is defined by

In this paper, we suggest to use a second-order SMC algorithm the so-called super 
twisting sliding mode control.

Second-order sliding mode control algorithms are a powerful alternative that com-
pletely solves the chattering issue without compromising the robustness properties as 
well. Since the control law is a continuous function of time as it is shown in Fig. 14 and 
can be written as

where W is a positive constant. The control low (61) can be written as

(58)T
i,ref
u (t) =

(

T̂ i
u(t)+ J

(

αi
d(t)− �

∼
θ̈

i

(t)

)

− K sign
[

Si(t)
]

(59)u = −K sign
[

Si(t)
]

(60)u = −K

(

Si(t)

∅

)2

signSi(t) if
∣

∣

∣
Si(t)

∣

∣

∣
< ∅

(61)T
i,ref
u (t) =

(

T̂ i
u(t)+ J

(

αi
d(t)− �

∼
θ̈

i

(t)− K sat
[

Si(t)/ǫ
]

sat(x) =
{

x, |x| ≤ 1
sign(x), |x| > 1

(62)u = −K
√

|s| sgn(s)+ w

(63)ẇ = −W sgn(s)

(64)T
i,ref
u (t) =

(

T̂ i
u(t)+ J

(

αi
d(t)− �

∼
θ̈

i

(t)

)

− K
√

|s| sgn(s)+ w
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Linear quadratic regulator

The proposed multivariable controller is decentralized with respect to the stands which 
will result in a separate LQR design for each stand/interstand zone.

The objective is to regulate stand speed, looper torque, and roll gap for each stand/
interstand to guarantee system stability in the presence of the disturbances affecting that 
zone. We consider a system described by the following state equation:

where  A ∊ ℝnxn, B ∊ ℝnxm, C ∊ ℝpxn are state matrix, input matrix, and output matrix, 
respectively.
x ∊ ℝn is a vector, whose elements represent the individual state variables, and u ∊ ℝm 

is a vector whose elements represent the individual control variables.  y ∊ ℝm is a vector 
whose elements represent the individual output variables.

The optimal control problem is defined in terms of minimizing the performance index:

where Q = QT is positive (semi-) definite matrix. The problem solution is obtained by 
solving Riccati equation:

where P ∊ ℝn is the solution of algebraic Riccati Equation which results in the control 
law.

The feedback gain K is called the LQR (linear quadratic regulator) gain or optimal reg-
ulator gain and can be written as

(65)ẋ = Ax + Bu, t ≥ 0 x(0) = x0

(66)y = Cx

(67)J = 1

2

∫ T

0

(

xTQx + uTRu
)

dt

(68)ATP + PA− PBR−1BTP + Q = 0

(69)u(t) = Kx(t)

Fig. 14  Super twisting algorithm



Page 19 of 24Gaber et al. Journal of Engineering and Applied Science          (2022) 69:100 	

For the controller design, the nonlinear model was linearized about the operating val-
ues and for the simplicity Q(x) = I, R(x) = ρI,where, ρ > 0. The variables represented by 
the elements of the state, control, and output vectors are shown in Table 1 for Stand#1:5 
and Table 2 for Stand#6.

Simulation model
The dynamic simulations using MATLAB/Simulink were carried out to evaluate and 
compare the controllers’ performance. Each controller is simulated individually to illus-
trate its performance. The simulation runs for 20 s where the disturbance (71) presented 
after 2 s from simulation running time. Here, for the sake of completeness, the param-
eters were obtained from a real plant for the purpose of making the simulation models 
behave as exactly as possible.

The values of the parameters used in the dynamic model of the looper and tension sys-
tem are reported in the “Operation values” section. The comparisons, based on the mean 
value, standard deviation, and the error in each stand, are presented in the “PID control-
ler parameters” section.

Looper characteristics

The simulation result based on the looper mechanism depicts in Fig. 2 with geometry 
data listed in Table 3.

Operation values

The dynamic simulations using MATLAB/Simulink are performed with the operation 
values shown in Table 4.

(70)K = −R−1BTP

Table 1  Stand#i state, control, and output vectors

State vector Control vector Output vector

xi1(σi) Ui1(Si) yi1(hi)

xi2(Si) Ui2(ωi) yi2(σi)

xi3(Tui) Ui3(Tui) yi3(Fi)

xi4(ωi) yi4(θi)

xi5(θi)

xi6

(

θ̇i
)

xi7(Fui)

Table 2  Stand#6 state, control, and output vectors

State vector Control vector Output vector

x62(Si) U61(Si) y61(hi)

x67(Fui) y63(Fi)
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PID controller parameters

One of the tested controllers is PID controller. The PID controller’s parameters, listed in 
Tables S2 and Table S3, are obtained using automatic PID tuner in MATLAB/Simulink 
software for scheme I and scheme II respectively.

Simulation scenario

After 2 s from simulation running time, the unmodeled dynamics [8] mentioned in (13) 
presented as a summation of two sin functions with phase shift multiplied by the per-
centage of the stand entry speed as the following,

In both control schemes proposed, the simulation is carried out for 20 s with distur-
bance presence after 2 s from the running time. The mean value, summation of error 
square of the states, and standard deviation are calculated for comparison purposes. 
The data are shown in Table S4, Table S5, and Table S6 respectively. The simulation 
results of the stand exit thickness, roll gap, the tension between stands, looper angle, 

(71)ωξ (t) = 0.05 V i + 0.01(sin (12t + 8)+ sin(6t))

Table 3  The looper geometry main data

Variable Symbol Value Unit

Looper roll diameter r 240 mm

Looper arm length l 547 mm

Distance between mill stands L 5900 mm

Distance between the pivot point and upstream stand a 2420 mm

Pivot point distance from the pass line d 221 mm

Looper inertial momentum to the hydraulic actuator J 250 Kgm2

Operating position θ 25 ° degree

Looper roller weight M 500 kg

Table 4  Operation values

Force Specific tension [N/mm2] Backward tension [kN] Roll gap [mm]

ST#1 2.3554e+07 0.014088

ST#2 2.2180e+07 4.05 79.29 0.007467

ST#3 1.8392e+07 9.25 105 0.004467

ST#4 1.6363e+07 12.6 92.33 0.003718

ST#5 9.868e+06 12.2 75.5 0.003675

ST#6 9.691e+06 12.9 70.7 0.00287

Speed [rad/sec] Work roll radius [mm] Looper torque Tu [kN.m] τv/τs/τl [sec]

ST#1 4.14 398.26 7.29 0.1592/0.032/0.0232

ST#2 6.85 397.24 5.41 0.1592/0.032/0.0232

ST#3 10.67 401.19 4.47 0.1592/0.032/0.0232

ST#4 14.28 378.96 4.197 0.1592/0.032/0.0232

ST#5 21.34 289.91 4.033 0.1592/0.032/0.0232

ST#6 25.7 294.57 0.1592/0.032/0.0232
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and looper torque are shown in Figures S1, S2, S3, S4, S5, S6, S7, S8, S9, S10, S11, S12, 
S13, S14, S15, S16, S17, S18.

In light of the figures, one can notice that the first control scheme’s response to the 
disturbance presented at t ≥ 2 s from simulation running time is better than the sec-
ond control scheme in terms of strip thickness and gap position overshoot. Moreo-
ver, in both control schemes, the overshoot decreased by replacing traditional PID 
by fuzzy-like PID. The SMC had by far the lowest overshoot percentage followed by 
LQR.

The first control scheme’s results show the strip exit thickness and gap position 
tend to be close to the mean value compared to the results from the second con-
trol scheme, while the second control scheme’s results of looper position and looper 
torque are close to the mean value compared to the first control scheme. The standard 
deviation values become closer to the mean value when traditional PID is replaced by 
Fuzzy-PID. The standard deviation values show that the overall SMC results are bet-
ter than LQR results. It is also noticeable the significant difference between the error 
summation results of SMC and LQR on the one hand and traditional control and 
Fuzzy on the other hand. However, The SMC has presented better results than LQR.

Conclusions
In this paper, two control schemes have been studied with different control techniques. 
It was shown that the Automatic Gage Regulator compensates the disturbances much 
better than the second control scheme, while the second control scheme compensates 
the disturbances in looper position better than first control scheme. Although, in both 
control schemes, the performance improved when PID was replaced by fuzzy-like PID.

A multivariable controller is proposed; the benefit of using LQR controller reduces the 
interaction and provides stability in the presence of disturbance and unmodeled dynam-
ics better than traditional PID even after being replaced by fuzzy-like PID. However, the 
effectiveness of looper and tension control approach based on the super twisting sliding 
mode algorithm, thanks to its robustness and structure simplicity, makes the interaction 
between the looper angle and tension less serious than usual and achieved much better 
compensation for the disturbances.
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Tu(t)	� Actuator torque on the looper
φn	� Angle at neutral plane
AGR​	� Automatic gap regulator
ASR	� Automatic speed regulator
ATR​	� Automatic torque regulator
κ	� Constrained yield stress
B	� Control matrix
u(t)	� Control signal
R(x)	� Control weighting matrix
R′	� Deformed work roll radius
Kd	� Derivative gain
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ℓ1(θ)	� Distance between stand i and looper pivot
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β	� Downstream strip angle
e(t)	� Error
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ILQ	� Inverse linear quadratic
LQR	� Linear quadratic regulator
Tload(θ)	� Load torque on the looper
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d(t)	� Looper angular acceleration
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Mr	� Looper arm weight
θ̇ id(t)	� Looper desired angular speed
J	� Looper inertial momentum to the hydraulic actuator
LTCB	� Looper torque calculation block
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TL(θ)	� Looper weight torque
d	� Pivot point distance from the pass line
υ	� Poisson’s ratio
S	� Position of the roll
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SMC	� Sliding mode control
S(t)	� Sliding surface
K(x)	� Solution to Riccati equation
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Q(x)	� State weighting matrix in LQR
A(x)	� State-dependent matrix
C(x)	� State-dependent output matrix
a(x)	� State-dependent vector
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